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ABSTRACT

The objective of this paper is to introduceconcept of fuzzy biclosed(fuzzy biopen) maps and
pairwise fuzzy biclosed maps(pairwise fuzzy biopen maps) in fuzzy biclosure spaces. Some
important properties and characterization of fuzzy biclosed (fuzzy biopen) maps and pairwise fuzzy

biclosed (pairwise fuzzy biopen) maps in fuzzy biclosure spaces has also been studied.

KEYWORDS : Fuzzy closure space, Fuzzybiclosure space, Fuzzy biclosed map,Pairwise fuzzy

biclosed map.

*Corresponding Author
Dr. Rachna Navalakhe

Assistant Professor

MD-33, New Bajrang Nagar Near Jain Mandir

Indore (M.P.) 452011.

Email-sgsits.rachna@gmail.com Mobile No. : 9907084334

IISRR, 8(2) April. — June., 2019 Page 638



Rachna Navalakhe, 1JSRR 2019, 8(2), 638-646

1. INTRODUCTION

The concept of closure spaces were introduced by E.Cech® . Closure Space is a generalization
of topological spaces and today,the theory of closure space is one of the most popular theory of
mathematics which finds many interesting applications in various areas.

Later on C.Boonpok® introduced the notion of biclosure spaces. Such spaces are equipped
with two arbitrary closure operators. In 1985, A.S. Mashhour and M.H Ghanim® extended the
concept of closure space to fuzzy sets and laid the foundation of fuzzy closure space.

Recently, Tapi and Navalakhe®® have introduced and studied the concept of fuzzy biclosure
spaces. In this paper the conceptof fuzzy biclosed (fuzzy biopen) maps and pairwise fuzzy biclosed
(pairwise fuzzy biopen) maps in fuzzy biclosure spaces has been introduced and study their

properties.

2. PRELIMINARIES

Definition 2.1[4]. A fuzzy biclosure space is a triple (X,u;,u,) where X is a non-empty set and
u,,u, are two fuzzy closure operators on X which satisfy the following properties:

()u, (0, )=0, and u,(0,)=0,

(i)u< upu and p<u,u for all u<I1*

(iiu (uvo)=upuvupy and u,(uvo)=uuvuup for al go<I”.

Definition 2.2[4].A subset u of a fuzzy biclosure space (X,u;,u,) is called fuzzy closed if
uu,u = . The complement of fuzzy closed set is called fuzzy open.

Definition 2.3[4]. Let (X,u,,u,) be a fuzzy biclosure space. A fuzzy biclosure space (Y,v,,v,) is
called a subspace of (X,u,,u,) if Y < Xand viu=uunl, foreachie{l 2}and each subset p< Y
If 1, is fuzzy closed in (X,u;) and (X,u,) then the fuzzy subspace (Y,v,,v,) is also said to be

fuzzy closed.

Definition 2.4[5]. Let (X,u,u,) and (Y,v,v,) be fuzzy biclosure spaces. A map
f:(X,u,u,)—>(Y,v,v,) is called fuzzy continuous if f™*(u) is a fuzzy closed subset of
(X,u;,u,) for every fuzzy closed subset u of (Y,v,,Vv,).

Clearly, it is easy to prove that a map f :(X,u;,u,)—(Y,v,v,) is fuzzy continuous if and

only if f (v) is a fuzzy open subset of (X,u,,u,) for every fuzzy open subset v of (Y,v,,v,).

IISRR, 8(2) April. — June., 2019 Page 639



Rachna Navalakhe, 1JSRR 2019, 8(2), 638-646

Definition2.5[5]. Let (X,u,u,) and (Y,v,v,) be fuzzy biclosure spaces. A map
f:(X,u,u,)—>(Y,v,V,)is said to be fuzzy closed (resp. fuzzy open) if f (u)is fuzzy closed (resp.
fuzzy open) subset of (Y,v,v,)whenever u is a fuzzy closed (resp. fuzzy open) subset of
(X,u,u,).

Definition 2.6 [5]. The product of a family {( X, ,ui,u? ) ‘ae J} of fuzzy biclosure spaces denoted

by TT(X,.u.,uZ) is the fuzzy biclosure space (H Xa,ul,u2] where (H Xa,ui] for ie{l,2} is

ael ael ael

the product of the family of fuzzy closure spaces {X,,,u' :a € J}.

Remark 2.7.  Let H(Xa,u;,uj):(Hxa,ul,uz)Then for each u<[]X,,

ael ael ael

uup = Juiuiz, (u).

ael

Proposition 2.8[5]. Let {(Xa,ui,uj):a S J} be a family of fuzzy biclosure spaces and letg e J .

Then <X, is a fuzzy closed subset of (Xﬁ,u}j,u;)if and only if nx]]X,is a fuzzy closed
a#f

ael

subset of [(X,.u%.u2).

ael

a !

Proposition 2.9. Let{(xa, ut uaz):a € J} be a family of fuzzy biclosure spaces. Then for each

B eJ , the projection map r, : [ ] (X, u;,uZ)—(X,,uj,uj) is fuzzy closed.

ael

Proof. Let n be a fuzzy closed subset of [](X,,ul,uZ). Then n is a fuzzy closed subset of

al Yot
ael

[T(X,.u;) and TT(X,.u2) respectively. Since z,:]](X,.u})—(X,.u;) is fuzzy closed,

ael ael ael

m, (n) is a fuzzy closed subset of(X ,,uy ). Similarly, since 7z, :[T(X,.u2)—(X,.u}) is fuzzy

ael

closed, 7, (n7) is a fuzzy closed subset of (Xﬁ,u,'j). Consequently, 7, (n7) is a fuzzy closed subset

of (Xﬁ,u}j,u;). Hence, the map 7, is fuzzy closed.
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3. FUZZY BICLOSED MAPS
Definition 3.1. Let (X,u;,u,)and (Y,v,,V,) be fuzzy biclosure spaces and let ie{l,2}. A

map  f:(X,u,u,)—>(Y,v,v,)is called i-fuzzyclosed (resp. i-fuzzy open)if the map
f:(X,u)—>(Y,v.) is fuzzy closed (resp. fuzzy open). Amap f is called fuzzy closed (resp. fuzzy
open)if f is i—fuzzy closed (resp.i— fuzzy open) for each i e {1, 2}.

Definition 3.2. Let (X,u,u,) and (Y,v,v,) be fuzzy biclosure spaces. A map
f:(X,u,u,)—>(Y,v,v,) is called fuzzy biclosed (resp. fuzzy biopen) if the map
f:(X,u > (Y,v,) is fuzzy closed (resp. fuzzy open).

Proposition 3.3. Let (X,u,,u,), (Y,v,v,) and (Z,w,w,) be fuzzybiclosure spaces. If
themap f :(X,u,,u,)—(Y,v,,v,) is 1-fuzzy closed and the map hi(Y, v, v, ) —>(Z,w,w,) is
fuzzy biclosed, then the map ho f :(X,u,,u,) = (Z,w,,w, ) is fuzzy biclosed.

Proof. Let 7 be a fuzzy closed subset of (X,u,). Since the map f is 1-fuzzy closed, f(n) is
a fuzzy closed subset of (Y,v,). Since the map h is fuzzy biclosed, h( f(r)) is a fuzzy closed

subset of (Z,w,). Hence, ho f(n) is a fuzzy closed subset of (Z,w,). Consequently, the map
ho f is fuzzy biclosed.

Proposition 3.4. Let(X,u;,u,),(Y,v,v,)and (Z,w,w,) be fuzzy biclosure spaces. Let
fo(X,u,u,)—>(Y,v,Vv,) and h:(Y,v,v,) —>(Z,w,w,) be maps. Then
(i) If ho f is fuzzy biclosed and f is surjective and 1- fuzzy continuous, then h is fuzzy biclosed.
(i) If hof is fuzzy biclosed and h is injective and 2- fuzzy continuous, then f is fuzzy

biclosed.

Proof.(i) Let n be a fuzzy closed subset of(Y,v,). Since the map f is 1-fuzzy continuous, f(n)
is a fuzzy closed subset of (X,ul). Since ho f is fuzzy biclosed and the map f is surjective,
ho f(f7(n))=h(n) isa fuzzy closed subset of (Z,w,). Hence, the map h is fuzzy biclosed.

(i) Letn be a fuzzy closed subset of (X,u,). Sincethe map ho f is fuzzy biclosed, ho f(n)
is a fuzzy closed subset of(Z,wz). Since h is 2-fuzzy continuous and injective,

h™(ho f(n7))= f(n) isa fuzzy closed subset of (Y,v,). Therefore, the map f is fuzzy biclosed.

The following statement is evident.
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Proposition 3.5. Let{(xa, uuiae J)} and {(Ya,vi,vj):a e J} be families of fuzzy biclosure

spaces. For each aeJd, let f,:(X,ul,u)—>(Y,V:,v2) be a surjection and let

1y Vg

fo T(Xaoutu2) = [ (Y.0viv2) be defined by f((x,))  =(f,(x,)), . Then the map fis

ael ael

fuzzy biclosed if and only if the map f_ is fuzzy biclosed for each ¢ € J .

Proof.Let € J and let n be a fuzzy closed subset of(Xﬂ,u;). Then n x H X, is a fuzzy closed
a+p

ael

subset of JT(X,.u:). Since the map f is fuzzy biclosed, f|nx[]X, | is a fuzzy closed subset

ael a#f
ael

of [T(Y..v2). But f|nx[]X, |=f,(m)x[]Y.. hence f,(n)x[]Y, isa fuzzy closed subset of

ael a#f a#p azf
aeld ael ael

[T(Y..v2). By Proposition 2.8, f,(n)is a fuzzy closed subset of (Yﬂ,vfj). Hence, the map f,is

ael

fuzzy biclosed.

Conversely, let the map f, be fuzzy biclosed for each g J. Suppose that the map f

is not fuzzy biclosed. Then there exists a fuzzy closed subset n of [](X,,u}) such that

ael

[Tviz, (T (1)) f(n). Therefore, there exists B J such that v;f,(z,(n))% f,(z,(n)). But
ped

75 (n) is a fuzzy closed subset of (X ;, uj,) and f, is fuzzy biclosed, f,(z,(n)) is a fuzzy closed

subset of (Yﬂ , vfj ) . This is a contradiction. Therefore, the map f is fuzzy biclosed.

4. PAIRWISE FUZZY BICLOSED MAP

The purpose of this section is to introduce the concept of pairwise fuzzy biclosed (pairwise
fuzzy biopen) maps in fuzzy biclosure spaces and study some oftheir properties.

Definition 4.1. Let (X,u,u,) and (Y,v,v,) be fuzzy biclosure spaces. A map
f:(X,u,u,)—>(Y,v,V,) is called pairwise fuzzy biclosed (resp. pairwise fuzzy biopen)if the map
f:(X,u)—>(Y,v,) and f:(X,u,)—>(Y,v,) are fuzzy closed (resp. fuzzy open)

Remark 4.2. Every pairwise fuzzy biclosed map is fuzzy biclosed and every pairwise fuzzy biopen
map is fuzzy biopen.
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Proposition 4.3.Let(X,u,,u,), (Y,v,v,) and (Z,w,,w,) be fuzzy biclosure spaces. If the map
f:(X,u,u,)—>(Y,v,V,) is fuzzy closed andh:(Y,v,,v,)—(Z,w,w,) is pairwise fuzzy biclosed,
then the map ho f :(X,u,,u,) > (Z,w,w, ) is pairwise fuzzy biclosed.
Proof. Let 1 be a fuzzy closed subset of (X,u,) and let y be a fuzzyclosed subset of (X,u,).
Since the map f is fuzzy closed, f(n) is a fuzzy closed subset of (Y,v;) and f(y) is a fuzzy
closed subset of(Y,v,). Since the map h is pairwise fuzzy biclosed, h(f(r)) is a fuzzy closed
subset of (Z,w,) and h(f(y)) is a fuzzy closed subset of (Z,w,). Hence, ho f(y) is a fuzzy
closed subset of (Z,w,) and ho f () isa fuzzy closed subset of (Z,w,). Consequently, the map
ho f is pairwise fuzzy biclosed.
Proposition 4.4.  Let(X,u,u,), (Y,v,v,) and (Z,w,w,) be fuzzy biclosure spaces. If the
map f:(X,u,u,)—>(Y,v,v,) is fuzzy open andh:(Y,v,,v,)—(Z,w,w,) is pairwise fuzzy
biopen, then the map ho f :(X,u,,u,) —(Z,w;,w, ) is pairwise fuzzy biopen.
Proof. It is obvious
Proposition 4.5. Let(X,u,u,),(Y,v,v,)and (Z,w,w,) be fuzzy biclosure spaces. Let
fo(X,u,u,)—>(Y,v,Vv,) and h:(Y,v,v,) = (Z,w,w,)be maps. Then

() If hof is pairwise fuzzy biclosed and f is surjective and fuzzy continuous, thenhis

pairwise fuzzy biclosed.

(i) If  hof is pairwise fuzzy biclosed and his injective and fuzzy continuous, then f is
pairwise fuzzy biclosed.

Proof. (i)Let  be a fuzzy closed subset of (Y,v;) and let y be a fuzzy closed subset of (Y,v,).
Since the map f is fuzzy continuous, f™(n) is a fuzzy closed subset of (X,u,)and f*(y) isa
fuzzy closed subset of (X ,uz). Since the mapho f is pairwise fuzzy biclosed and f is surjective,
ho f(f7(n))=h(n) is afuzzy closed subset of (Z,w,) and ho f(f7(y))=h(y) is a fuzzy closed
subset of (Z,w,). Hence, the map h is pairwise fuzzy biclosed.

(i) Let n be a fuzzy closed subset of (X,u,) and let y be a fuzzy closed subset of (X, u,).
Since the mapho f is pairwise fuzzy biclosed, ho f (r) is a fuzzy closed subset of (Z,w,) and

ho f(y) is a fuzzy closed subset of (Z,w,). Since the maph is fuzzy continuous and injective
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h™(ho f(17))= f (n) is a fuzzy closed subset of (Y,v,) and h™(ho f(y))= f(y) isa fuzzy closed
subset of (Y,v,). Therefore, the map f is pairwise fuzzy biclosed.
Proposition 4.6. Let(X,u;,u,),(Y,v,v,)and (Z,w,w,)be fuzzy biclosure spaces. Let
fo(X,u,u,)—>(Y,v,v,) and h:(Y,v,v,) >(Z,w,w,) be maps. Then
() If hof is pairwise fuzzy biopen and f is surjective and fuzzy continuous, then h is
pairwise fuzzy biopen.
(i)  If ho f is pairwise fuzzy biopen and h is injective and fuzzy continuous, then f is

pairwise fuzzy biopen.

Proof. It is obvious.

Proposition 4.7. Let{(xa,ui,uj):a eJ}and {(Ya,vi,vj):a eJ} be families of fuzzy biclosure

spaces. For each e J, let f,:X, —Y, be asurjection and let f:]J]X, »>[]Y, be defined by

ael ael
(6 )ar)=(f,(X,)),.,- Then the map f:T[(X,.ul,uZ)—>T](Y,.v..V2) is pairwise fuzzy
ael ael

biclosed if and only if the map f, (X, uf,uZ)—>(Y,, V.,V )is pairwise fuzzy biclosed for each

a’ Za? a' "a’l

ael.

Proof.Let € J and let n be a fuzzy closed subset of (Xﬂ,

uy) and y bea fuzzy closed subset of

(X,.u3). Then nx[]X, is a fuzzy closed subset of [(X,.u.) and yx[]X, is a fuzzy

axp ael a#f
ael ael

closed subset of [ (X, uZ). Since f is pairwise fuzzy biclosed, f|nx[]X, | is a fuzzy closed

ael a#f
ael

subset of JJ(Y,.v2) and f|yx[]X,| is a fuzzy closed subset of[](Y,.v}). But

ael a+p ael
ael

f nxl_%Xa :fﬂ(n)xllYaand f quxa :fﬂ(;/)xllYa,hence fﬂ(n)xllYa is a fuzzy

ael ael aeld ael ael

closed subset of [](Y,.v,?)and f,(y)x[]Y, is a fuzzy closed subset of [](Y,.v.). By

ael ael ael
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Proposition 2.8, f,(n) is a fuzzy closed subset of (Y,,v}) and f,(y) is a fuzzy closed subset of

(Y4, v} ). Hence, f, is pairwise fuzzy biclosed.
Conversely, let the map f, be pairwise fuzzy biclosed for each e J. Suppose that the

map f is not pairwise fuzzy biclosed. Then f: (X, ul)—[](Y,.v2) is not fuzzy closed or

a' "a
ael ael

fIT(XauZ) > [T(Y.vi) is not fuzzy closed. If f:[(X,,u:)—>]](Y,.v2) is not fuzzy

ael ael ael ael

closed. Then there exists a fuzzy closed subset  of [](X,,u’) suchthat [viz,(f @)z f(n).

ael ped

Therefore, there exists 8 J such that v} f, (7, (1)) £ f, (7,(n)). By Lemma 2.9, 7, (r7) is a fuzzy
closed subset of (X, ). Since map f, is pair wise fuzzy biclosed, f,(7,(n)) is a fuzzy closed

subset of (Y,,v7). This is a contradiction. If f:T(X,.uZ)—]](Y..v.) is not fuzzy closed.

a' "a
ael ael

Then there exists a fuzzy closed subset y of [](X,,uZ) such that []viz, (f(2))% f(r).

ael ped

Therefore, there exists 8 J such that v, f, (7, (y)) % f,(z,(y)). By Lemma 2.9, 7, (y) is a fuzzy
closed subset of (X, u?). Since f, is pairwise fuzzy biclosed, f,(7,()) is a fuzzy closed subset

of (Yﬂ : v; ) This is a contradiction. Therefore, the map f is pairwise fuzzy biclosed.
Proposition 4.8. Let{(xa,ui,uj):a eJ}and {(Ya,vi,vj):a eJ} be families of fuzzy biclosure

spaces. For each e J, let f,:X, —Y, be asurjection and let f:]J]X, »>[]Y, be defined by

ael ael

F((%)aes) =(f, (%)), Ithemap f:T(X,,ub,u2)—>[](Y..viv2) is pairwise fuzzy biopen,

ael ael
then the map f, :(X,,ub,u?)—(Y,,v.,v.) is pairwise fuzzy biopen for each oz € J .

Proof. Obvious.
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