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ABSTRACT 

 In this paper we proved that ܭ௠௡(݉, ݊ ≥ 4) is not a geometric mean 3 −equitable graph, 
while caterpillar ܵ(ݔଵ,ݔଶ, … ݐ)ଵܭݐ⨀௡ܥ,(௧ݔ, ≥ 2) both are geometric mean 3 −equitable graphs. We 
also proved that ܥ௡⨀ܭଵ is not geometric mean 3 −equitable graph, when݊ ≡ 0	(mod 3),while it is 
geometric mean  3−equitable graph, when ݊ ≡ 1, 2	(mod 3). 

KEY WORDS : Caterpillar, corona graph, complete bipartite graph, cycle, star graph, geometric 
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I. INTRODUCTION: 
The concept of cordial and 3 −equitable labeling was introduced by Cahit1, 2. The labeled 

graphs have several application in the areas of radar, circuit design, cryptography etc. Mean 

cordial labeling was introduced by Ponraj, Sivakumar and Sundaram 6. 

Geometric mean cordial labeling of graph was introduced by ChitraLakshmi and 

Nagarajan 3 and they have proved that ௡ܲ , ݊)	௡ܥ	 ≡ 1,2	(mod 3	)), ,ଵ,௡ܭ	 ݊)௡ܭ	 ≤ ݊)ଶ,௡ܭ,(2 ≤

2) are geometric mean cordial graphs and ܭ௡(݊ > ݊)ଶ,௡ܭ,(2 > ݊)௡,௡ܭ,(2 ≥ 3), ௡ܹ  are not 

geometric mean cordial graphs. 

By survey of literature geometric mean cordial labeling defined by ChitraLakshmi and 

Nagarajan [3] its name should be geometric mean 3 −equitable labeling as they are using 

௙݁(0), ௙݁(1) and ௙݁(2).	For a (ݍ,݌)graph ܩ, a function ݂:ܸ(ܩ) ⟶ {0,1,2} with its induced edge 

labeling function ݂∗:(ܩ)ܧ ⟶ {0,1,2}  defined by ݂∗(ݒݑ) = ඃඥ݂(ݑ)݂(ݒ)ඇ  is called geometric 

mean 3 − equitable labeling if หݒ௙(݅)− ,௙(݆)หݒ ห ௙݁(݅)− ௙݁(݆)ห 	 ∈ {0,1},	 where (ݔ)௙ݒ  and 

௙݁(ݔ)denotes the number of vertices and edges with ݔ label respectively, where ݔ, ݅, ݆	 ∈ {0,1,2}. 

II. MAIN RESULTS : 

Theorem−૛.૚:Caterpillar ܵ(ݔଵ,ݔଶ, … , ௧) is a geometric mean 3ݔ −equitable graph. 

Proof :Let ܸ൫ܵ(ݔଵ,ݔଶ, … ௧)൯ݔ, = ௜/1ݒ} ≤ ݅ ≤ {ݐ ∪	 ௜௝/1ݒ} ≤ ݆ ≤ ,௜ݔ 1 ≤ ݅ ≤ {ݐ  and 

,ଶݔ,ଵݔ)൫ܵܧ … ௧)൯ݔ, = ௜ାଵ/1ݒ௜ݒ} ≤ ݅ ≤ ݐ − 1} ∪	 ௜௝/1ݒ௜ݒ} ≤ ݆ ≤ ,௜ݔ 1 ≤ ݅ ≤ 	.{ݐ  It is obvious that 

݌ = ଵݔ + ଶݔ + ⋯+ ௧ݔ + ݐ   and ݍ = ݌ − 1  (as caterpillar is a tree). We redefine 

ܸ൫ܵ(ݔଵ,ݔଶ, … ௧)൯ݔ, = ௞/1ݑ} ≤ ݇ ≤ {݌  by taking ݑ௜ = ௜(1ݒ ≤ ݅ ≤ ,{ݐ ௧ା௝భݑ		 = (1	ଵ௝భݒ ≤ ݆ଵ ≤

,(ଵݔ ௧ା௫భశೕమݑ		 = ଶ௝మ(1ݒ ≤ ݆ଶ ≤ ,	(ଶݔ … , ௧ା௫భశೣమశ⋯శೣ೟షభశೕ೟ݑ = ௧௝೟(1ݒ ≤ ݆௧ ≤  .(௧ݔ

 Let ݌ଵ = ቒ௣
ଷ
ቓ ଶ݌, = ቒ௣ି௣భ

ଶ
ቓ and ݌ଷ = ݌ − ଵ݌) +  .(ଶ݌

 Define ݂:ܸ൫ܵ(ݔଵ,ݔଶ, … ⟶௧)൯ݔ, {0,1,2} as follows. 

(௜ݑ)݂ = 1, when1 ≤ ݅ ≤  ଵ݌

                                  = 2, when ݌ଵ + 1 ≤ ݅ ≤ ଵ݌ +  ଶ݌

                                  = 0, when ݌ଵ + ଶ݌ + 1 ≤ ݅ ≤  .݌
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Above defined labeling pattern give rise ݒ௙(0) = ଷ݌ , ௙(2)ݒ = ଶ݌ , ௙(1)ݒ = ଵand ௙݁(1)݌ =

ଵ݌ − 1, ௙݁(2) = ଶ݌ , ௙݁(0) = ଷ݌ .	In any case it is obvious that หݒ௙(݅)− ,௙(݆)หݒ ห ௙݁(݅) − ௙݁(݆)ห ∈

{0,1},∀݅, ݆ ∈ {0,1,2}. Thus, ܵ(ݔଵ, ,ଶݔ … ௧) is a geometric mean 3ݔ, −equitable graph. 

 

Theorem−૛.૛:ܥ௡⨀ܭݐଵ(ݐ ≥ 2) is a geometric mean 3 −equitable graph. 

Proof :Let ܩ = ଵܭݐ⨀௡ܥ , (ܩ)ܸ = ௜/1ݒ} ≤ ݅ ≤ ݊} ∪	 ௜௝/1ݒ} ≤ ݆ ≤ ,ݐ 1 ≤ ݅ ≤ ݊}  and (ܩ)ܧ =

௜ାଵ/1ݒ௜ݒ} ≤ ݅ ≤ ݊ − 1} ∪	 {௡ݒଵݒ} ௜௝/1ݒ௜ݒ}	∪ ≤ ݆ ≤ ,ݐ 1 ≤ ݅ ≤ ݊}.	 Thus, ݌ = |(ܩ)ܸ| = ݐ) + 1)݊ =

 .ݍ

We redefine ܸ(ܩ) = ௞/1ݑ} ≤ ݇ ≤ {݌  by taking ݑ௜ = ௜(1ݒ ≤ ݅ ≤ ݊}, ௡ା௝భݑ		 = (1	ଵ௝భݒ ≤

݆ଵ ≤ ,(ݐ ௧ା௡శೕమݑ = (1	ଶ௝మݒ ≤ ݆ଶ ≤ ,(ݐ … , ௡ା(௡ିଵ)௧ା௝೙ݑ		 = ௡௝೙(1ݒ ≤ ݆௡ ≤  .(ݐ

Define ݂:ܸ(ܩ) ⟶ {0,1,2} as follows. 

(௜ݑ)݂ = 1, when1 ≤ ݅ ≤ ቒ௣
ଷ
ቓ 

                                  = 2, when ቒ௣
ଷ
ቓ+ 1 ≤ ݅ ≤ ቒ௣ି௣భ

ଶ
ቓ+  ଵ݌

                                  = 0, when ቒ௣ି௣భ
ଶ
ቓ+ ଵ݌ + 1 ≤ ݅ ≤ ଵ݌ where	,݌ = ቒ௣

ଷ
ቓ. 

 Above defined labeling pattern give rise ݒ௙(0) = ቔ௣
ଷ
ቕ = ቔ௣ି௣భ

ଶ
ቕ ௙(2)ݒ, = ቒ௣ି௣భ

ଶ
ቓ , ௙(1)ݒ =

ଵ݌ and ௙݁(1) = ,ଵ݌ ௙݁(2) = ቒ௣ି௣భ
ଶ
ቓ , ௙݁(0) = ቔ௣

ଷ
ቕ.		 In any case it is observed that หݒ௙(݅)−

,|(݆)௙ݒ ห ௙݁(݅)− ௙݁(݆)ห ∈ {0,1},∀݅, ݆ ∈ {0,1,2}.  Thus, ܩ	 admits a geometric mean 3 − equitable 

labeling and so, it is a geometric mean 3 −equitablegraph. 

Theorem−૛.૜:ܥ௡⨀ܭଵ is not geometric mean 3 −equitable graph, when ݊ ≡ 0	( mod 3) and it is 

geometric mean 3 −equitable graph, when ݊ ≡ 1, 2	( mod 3). 

Proof : Let ܪ = ଵܭ⨀௡ܥ (ܪ)ܸ, = ௜ݒ} , ௜/1ݑ ≤ ݅ ≤ ݊}  and (ܪ)ܧ = ௜ାଵ/1ݒ௜ݒ} ≤ ݅ ≤ ݊ − 1} ∪

{௡ݒଵݒ}	 1	௜/ݒ௜ݑ}	∪ ≤ ݅ ≤ ݊}.	Thus		݌ = ݍ = 2݊. 

 Case−I ݊ ≡ 0	( mod 3).		Take ݊ =  .ݐ3
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 If  ܪ  admits any geometric mean 3 −equitable labeling݂,	then it is only possibly when 

௙(0)ݒ = ௙(1)ݒ = ௙(2)ݒ = ݐ2 = ௣
ଷ

= ଶ௡
ଷ

. Since, edge label 1 under ݂ is only possible when its both 

the end vertices have label 1, under ݂, we must have ௙݁(1) ≤ ݐ2 − 1 and max൛ ௙݁(0), ௙݁(2)ൟ ≥ ݐ2 +

1. Which gives either ห ௙݁(0)− ௙݁(1)ห ≥ 2 or ห ௙݁(2)− ௙݁(1)ห ≥ 2. This leads to a contradiction as ݂ 

is a geometric mean 3 −equitable labeling for ܪ.  Thus, ܪ  can not admits any geometric mean 

3 −equitable labeling. So, it is not a geometric mean 3 −equitable graph, when ݊ ≡ 0	( mod 3). 

 Case−II ݊ ≡ 1, 2	( mod 3). 

 Let ݌ଵ = ቒ௣
ଷ
ቓ ଶ݌, = ቒ௣ି௣భ

ଶ
ቓ and ݌ଷ = ݌ − ଵ݌) +  .(ଶ݌

Define ݂:ܸ(ܪ) ⟶ {0,1,2} as follows. 

(௜ݒ)݂ = 1, ∀	1 ≤ ݅ ≤  ଵ݌

ଵ݌∀ ,2 =                                   + 1 ≤ ݅ ≤ ݊; 

(௜ݑ)݂ = 0, ∀	1 ≤ ݅ ≤  ଶ݌

ଶ݌∀ ,2 =                                   + 1 ≤ ݅ ≤ ݊. 

 Above defined labeling pattern give rise ݒ௙(1) = ,ଵ݌ ௙(0)ݒ = ,ଶ݌ ௙(2)ݒ		 = ଷand ௙݁(1)݌ =

ଵ݌ − 1, ௙݁(0) = ,ଶ݌ ௙݁(2) = ଷ݌ + 1.		 Since ݌ଷ = ଵ݌ − 1,			ห݌௜ − ௝ห݌ ∈ {0,1},∀݅ ∈ {0,1,2},  we must 

get หݒ௙(݅)− ,௙(݆)หݒ ห ௙݁(݅)− ௙݁(݆)ห ∈ {0,1},∀݅, ݆ ∈ {0,1,2}.  Thus, ܪ admits geometric mean 

3 −equitable labeling ݂and so, it is a geometric mean 3−equitable graph, when ݊ ≡ 1, 2	( mod 3). 

Theorem−૛.૝:ܭ௠,௡  is not a geometric mean 3 −equitable graph, when ݉, ݊ ≥ 4. 

Proof : Let 	ܸ൫ܭ௠,௡൯ = ܯ ∪ܰ.  We take ܯ = ଶݑ,ଵݑ} , … , ܰ ௠} andݑ = ,ଶݒ,ଵݒ} … {௡ݒ,  both are two 

partite sets of ܭ௠,௡.Let ܧ൫ܭ௠,௡൯ = ௝/1ݒ௜ݑ} ≤ ݅ ≤ ݉, 1 ≤ ݆ ≤ ݊}. It is obvious that ݌ = ݉ + ݊ and 

ݍ = ݉݊. 

 Let ݂:ܸ൫ܭ௠,௡൯ ⟶ {0,1,2} be any vertex labeling. To make geometric mean 3 −equitable 

labeling ݂  for ܭ௠,௡,  we have to choose max൛ݒ௙(0),ݒ௙(1),ݒ௙(2)ൟ − ݉݅݊൛ݒ௙(0),ݒ௙(1),ݒ௙(2)ൟ ∈

{0,1}. Let ݉ܽݔ൛ݒ௙(0),ݒ௙(1),ݒ௙(2)ൟ = .ݐ i.e. ݐ = ቒ௣
ଷ
ቓ.  Since, edge label 1  under ݂  is only possible 
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when its both the end vertices have label 1 under ݂. We shall take the following three cases to 

compute ௙݁(1) for ܭ௠,௡. 

 Case−I ௧
ଶ
≥ min{݉, ݊} = ݊ (say). 

 It is observe that ௙݁(1) ≤ ݐ) − ݊) ∙ ݊ = ݊ݐ − ݊ଶ. 

 First we shall prove here ݊ݐ − ݊ଶ < ቔ௠௡
ଷ
ቕ.  Suppose not if possible. 

  i.e. ݊ݐ − ݊ଶ ≥ ቔ௠௡
ଷ
ቕ 

  ⇒ ݊ݐ3 − 3݊ଶ ≥ ݉݊ 

  ⇒ ݐ)3) − ݊)− ݉)݊ ≥ 0 

  ⇒ ݐ)3) − ݊)− ݉) ≥ 0 

  ⇒ ݐ3 − 3݊ ≥ ݉ 

  ⇒ ݐ3 − 2݊ ≥ ݉ + ݊ =  ݌

  ⇒ ݌ + 2 − 2݊ ≥  ݌

  ⇒ 2 − 2݊ ≥ 0, 

 Which is impossible as	݊ ≥ 4 and so, ݊ݐ − ݊ଶ ≥ ቔ௠௡
ଷ
ቕ can not holds. Thus, 	 ௙݁(1) ≤ ݊ݐ −

݊ଶ < ቔ௠௡
ଷ
ቕ. 

Case−II ௧
ଶ

< min{݉, ݊} = ݊ (say) and ௧
ଶ

< ௠
ଷ

.  

  ⇒ ቀ௧
ଶ
ቁ
ଶ

< ௠௡
ଷ

 

  ⇒ ௙݁(1) < ቀ௧
ଶ
ቁ
ଶ
≤ ቔ௠௡

ଷ
ቕ 

  ݅. ݁. ௙݁(1) < ቔ௠௡
ଷ
ቕ. 

Case−III ௧
ଶ

< min{݉, ݊} = ݊ (say) and ௧
ଶ
≥ ௠

ଷ
.  

  ⇒ ݐ3 ≥ 2݉ 
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  ⇒ ݉ + ݊ + 2 ≥ 2݉ 

  ⇒ ݉ ≤ ݊ + 2. 

 Now we see that ݐ ≤ ௠ା௡ାଶ
ଷ

≤ ଶ௡ାସ
ଷ

≤ ݊, as ݊ ≥ 4 

  ⇒ ݐ ≤ ݉, ݊ 

  ⇒ ଶݐ ≤ ݉݊ 

  ⇒ ௧మ

ସ
≤ ௠௡

ସ
< ௠௡

ଷ
 

  ⇒ ௙݁(1) ≤ ௧మ

ସ
< ቔ௠௡

ଷ
ቕ. 

 Thus, in any case ௙݁(1) < ቔ௠௡
ଷ
ቕ, which gives		max൛ ௙݁(0), ௙݁(2)ൟ ≥ ቔ௠௡

ଷ
ቕ+ 2. 

 ∴ max൛ ௙݁(0), ௙݁(2)ൟ − ௙݁(1) ≥ 2 

 ∴ ݂  can not be a geometric mean 3 −equitable labeling for ܭ௠,௡.  Hence, ܭ௠,௡  is not a 

geometric mean 3 −equitable graph, when ݉, ݊ ≥ 4. 
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