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ABSTRACT:
In this paper, generalization of common fixed point is proved under a generalized inequality
involving two self-mappings. In other words Let X be a closed subspace of a Hilbert Space

andTy, T, : X = X be continuous mappings satisfying the given condition then T;andT, have unique
common fixed point in X.

KEY WORDS: Common Fixed Point, Banach Space, Completeness.

*Corresponding author

AshishKumar K. Dhokiya
Sardar Patel College of Engineering,

Vadtal-Bakrol Road,Bakrol-388 315,
Anand , Gujrat-India
E Mail: dhokiyal3ashish@gmail.com

IJSRR, 7(1) Special Jan. — March, 2018 Page 227




AshishKumar K. Dhokiya, IJSRR 2018, 7(1) Suppl., 227-232

INTRODUCTION

Essentially, Fixed-point theorems provide the conditions under which maps have solution.
The theory itself is a beautiful mixture of analysis (Pure and Applied), Topology and Geometry.
Over the last 50 years or so the theory of fixed point has been revealed to be a very powerful and
important tool in the study of non-linear phenomena. In particular, the techniques of the fixed point
theory have been applied in various diverse fields such as Biology, Chemistry, Physics, Economics,
Medicines and Game Theory etc.

The study of Existence & Uniqueness of Coincidence Point & Common Fixed Point of
Mappings satisfying certain contractive conditions has been an interesting field of Mathematics from
1922, when Banach stated & proved his famous result (Banach Contraction Principle,'. Results
found here are refine some of the generalization of Banach's theorem®* and are generalized2 by
restricting the number of self mappings from three to two.

MAIN RESULT
Theorem: 1
Let X be a closed subspace of Hilbert Space and T, T, : X = Xbe continuous mappings such
that :
llx — ylIP[1 + [|x — Tox||P]
[1+ |lx—yll”]
+ ay[llx = Tyx[IP + |ly — ToyllP]

IT1x — Toyll? < ay

+ azlllx — ToyllP + |ly — Tyx|IP]
+ aullx —ylIP
for all x,y € X with x # y and p € N, where a,,a,,as;,a, are non-negative real numbers with

a, + 2a, + 2P*1a; + a, < 1. Then T, &T, have unique common fixed point in subspaceX.

Proof : Let x, be any point in the set X.Then define the sequence {x,,} as follows:

Xopn = ToXop_1forn =123, ...
Xons1 = T1Xonforn = 0,123, ...
Suppose that n = 2mfor some integer m.Then
Ixni1 — Xl = 1X2me1 — Xomll = IT1x2m — ToXomll
From the given condition we have,
Ixxne1 — xnll? = llxzmer — X2ml|l?

= |ITyx2m — Tox2m-1I”
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1X2m = Xam-1IP[1 + llX2m — Taxom |I”]
[1 + Il — X2m-4117]

+ ay[llx2m — Taxom P + [1x2m—1 — T2X2m-11I7]

<a

+ as[llxoam — ToXom-1ll? + lIX2m—1 — T1xom|17]

+ ayllxzm — x2m-1|IP
This gives
[(1- a; — 2pa3) +(1- a, —a; — 2pa3)||X2m - me—lllp]llx2m+1 — XomI?

< [(a; +a; +a,) + (a; + 2Paz + ay) |x2m — Xom-1 1Pl %20 — X2m-111”

cxzmer — X2m 1P < p(M) X2 — X2m—1|IP

where
(a; +ay +a,) + (a; + 2Paz + ay)||xpm — X2m—1|I”
m) = : form=0,123,..
p( ) (l_az _2pa3) + (l_a1 _az —2pa3)||X2m—X2m_1||p f
Clearly
p(m) <1, vm >0 asa, +2a,+ 2P la;+a, <1

Continuing in this way one gets
||xn+1 - xn”p = ||x2m+1 - me”p

< p(M)llxzm — Xom-11IP

< p(M)"|lx; — x,l[?

By Similar way one can see that above inequality is also true if n is an odd integer. Since 0 <
p(m) < 1, the sequence {x,} is Cauchy sequence and therefore by completeness of X, one find
u € X such that

limx, =u
N0
Since {x,,}and {x,,.} are sub-sequences of {x, } one gets
limx,, =pu=1limxy,.,
N0 n-®

Next since T; &T, are continuous one arrives at
T(u) =T, (Iim xZn) = lim Tyxz, = liM x2p44 =
Nn—o0 n-—-oo n-—-oo

Ty(u) = Ty (1im X3y ) = im Tydpn_y = lim xg, = g
n—-oo n—-oo n—-oo
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Hence u is common fixed point of T,;&T,. Now to prove the uniqueness of common fixed point,
let us take v(u # v) € X to be another common fixed point of T;&T,.
While [[u—v|[ #0.
Hence it follows that
lu = vlIP = ITyp — TovllP

. lpe = vIIP[1+ llu = TypllP]
- [1+lx—vIPF]

+ ag[llu = Typll? + [lv — Tov|P]

+ as[llu — TLvllP + |lv — TyullP]

+agllu—vlP

lp=vlP < (aq + 2a3 + ay)llp —vIIP
which is a contradiction as
a, +2a;+a, <a; +2a,+ 2P gz +a, <1
Thus u = v.
Theorem : 2
Let X be a closed subspace of Hilbert Space and T;,T, : X — Xbe continuous mappings such that :

lx = ylI”[1 + ||y — ToylIP]
[1+ [lx —Tyx]l”]

ly — ToylIP[1 + [|x — ylIP]
[1+ [lx—Tyx]lP]

+ az[lly — ToyllP + llx — yl|7]

+ allx —yllP

ITyx — Toyll? < ay

a;

for all x,y € X with x #y and p e NU {% :n € N}, where a,,a,,a;,a, are non-negative real

numbers with a, + a, + 2a; + a, < 1.Then T;&T, have unique common fixed point in subspaceX.
Proof :Let x, be anypoint in the setX.Thendefine the sequence {x,,} as follows :
Xopn = ToXop_1forn =123, ...
Xons1 = T1Xonforn = 0,123, ...
Suppose that n = 2mfor some integer m.Then
lxns1 = Xnll = l1X2me1 — Xomll = [IT1xm — Toxom—1ll
From the given condition we have,
Ixn41 = xallP = lx2me1 — x2m P

= |ITyx2m — Toxopm—1I”
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I%2m = Xom-1IP[1 + lIX2m-1 — T2Xom-11I"]
[1 + ”me - Tlem”p]

<a

lx20m—1 — T2x2m—1||p[1 + ||x2m — x2m—1||p]
[1 + ”me - Tlem”p]

a;

+ as[llxym-1 — ToXom-1lIP + llx2m — Xom-11IP]

+ agllxzm — x2m-1|I”

This gives
[1+(1—2a; — a)llxzm — X2m-1Plllxzme1 — X2 I?
< [(a; +ay +2a3 + ay) + (a1 + a)llxX2m — Xam—1 [IPTllx2m — X2m—_11IP
s Nx2mar — Xom P < (M) |x2m — Xom-11IP
where
(ay +a, +2az +ay) + (ay + a)||xem — Xom_1]IP
p(m) = 1t a; 3 +ay) + (a; + ax)llxem — X2m-1 form=0123,.
1+ 1 - 2a; — ay)llxzm — Xom-11IP
Clearly
p(m) <1, vm =0 asa, +a, +2a;+a, <1

Continuing in this way one gets
||xn+1 - xn”p = ||x2m+1 - me”p

< p(M)lxzm — Xom-1|IP

< p(mM)*lxy — x0l[?

By Similar way one can see that above inequality is also true if n is an odd integer. Since 0 <
p(m) < 1, the sequence {x,} is Cauchy sequence and therefore by completeness of X, one find
u € X such that

limx, =u
N0
Since {x,, yand {x,, .} are sub-sequences of {x, } one gets
limx,,, = u=1limx,,41
N0 n-®

Next since T; &T, are continuous one arrives at
(W) =T, (Iim xZn) = 1lim Tyxp, = lim x50 = p
Nn—o0 n-—-oo n-—-oo
Ty() =Ty (1im X201 ) = im Todtgn_y = lim 2z, =
n—-oo n—oo n-—-oo

Hence u is common fixed point of T;&T,. Now to prove the uniqueness of common fixed point,

let us take v(u # v) € X to be another common fixed point of T;&T,.
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While |lu —v|| # 0.
Hence it follows that
e =P = Ty — TovIIP
<a, llu = vIIP[L + |lv = T,v||P]
[1+ [lu— Typll”]
" lv — TovllP[1 + llp — vIIP]
[1+ llu—Typll?]

+az[llv—=TlP + [lp—vIIP]

+ agllp vl

Al =P < (ag + az + ag)llu—vll?

which is a contradiction as
a,+ta;+ta,<a,+a,+2a;+a, <1

Thusu = v.

CONCLUSIONS

The method adopted in the proof of common fixed point theorems reveal that yet there are

various directions in which the Banach’s fixed point theorem can be refined and extended.
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