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ABSTRACT

In this paper, the concept of deferred statistical boundedness is introduced and it is investigated
that deferred statistical boundedness is a natural gener alization of boundedness.
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1 INTRODUCTION

The idea of statistical convergence which is, in fact, a generalization of the usual notion
of convergence was introduced by Fast* and Steinhaus® independently in the same year 1951 and
since then several generalizations and applications of  this concept have been investigated by
various authors namely Bhardwaj et al.®**® Connor®, Et’, Fridy®, Mursaleen’, Rath and
Tripathy'?, Salat'! and many others.

The natural density 6(A) of a subset A of the set N of natural numbers is defined as

O(A) = limy oo~ Ik < m tk €4 }

Where {k < n:k €A }| denotes the number of elements of A not exceeding n .
Obviously, we have 6(A) = 0, provided that A is a finite set.
A sequence x = (xx) is said to be statistically convergent to L if for every ¢ >0,

o({k EN:|x,— L| > €})=0,

e, limy o> [k <t | — LI > & }=0.

In this case we write St_lim xx = L. Since lim xx = L implies St lim xx = L, statistical
convergence may be considered as a regular summability method. The set of all statistically
convergent sequences is denoted by S'.

R. P Agnew®? introduced the concept of deferred Cesaro mean of real (or complex) valued

sequences (xx) defined by

- 1 q(n) -
( Dpyq X )n - m Zk:p(n)+1xk >, 1= la 27 3a

where p={p(n):neN }andq={q(n) : n € N } are the sequences of non- negative integers

satisfying p(n) < q(n) satisfying lim,, _ o g, = .

The concepts of deferred density and deferred statistical convergence were given by

kl3, 14

Kugcikaslan and Yilmaztur as follows :

Let A be a subset of N and denote the set {k : p (n) <k <q (n), k € A} by A, ¢ (n). The deferred
density of A is defined by

1

S0 ()= limn oo 500

|4,,4(m)|, provided the limit exists.
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The vertical bars indicate the cardinality of the enclosed set A,q (n) . If g (n) =n, p(n)

= 0, then deferred density coincides with natural density of A.
A real valued sequence x = (xi) is said to be deferred statistically convergent to L,

if foreache>0

1

limy o0 =500

{p(n) <k < q(n) : |xx— L| > ¢ }|=0.

In this case we write Spq — lim Xk = L. The set of all deferred statistically convergent
sequences will be denoted by S, 4. If g (n) =n, p (n) = 0, then deferred statistical convergence

coincides with usual statistical convergence.

The concept of statistical boundedness was given by Fridy and Orhan™ as follows:
The real number sequence x is statistically bounded if there exists a number

B > 0 such that 0 ({k : [xi| > B}) = 0.

It can be shown that every bounded sequence is statistically bounded, but the converse is
not true. For this consider a sequence x = (xx) defined by

_{ k, if kis a square
*k =11, if k is not a square.

Clearly x = (xx) is not a bounded sequence, but it is statistically bounded.
The set of all statistically bounded sequences is denoted by S(b).

Before proceeding further, we recall some definitions which will be needed in the sequel.

A sequence space X is called

o monotone if it contains the canonical preimages of all its stepspaces,
o symmetric, if (xk) € X implies (Xrx)) € X, where z is a permutation of N,
o sequence algebra if x.y € X, whenever x, y € X

solid (or normal), if (axxs) € X for all sequences (ax) of scalars with |a;| < 1 for all k
€ N and (xx) € X.

In the present paper, the concept of deferred statistical boundedness is introduced and the
relation between statistical boundedness and deferred statistical boundedness is established.

Throughout the paper, we consider the sequences of non negative integers
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p={p(n):neN }andq={q(n):ne N } are the sequences of non- negative integers satisfying
p(n) < q(n) satisfying lim,, _, ., q, = .

Any other restriction (if needed) on p(n) and q(n) will be mentioned in the related theorems.

2 DEFERRED STATISTICAL BOUNDEDNESS

Definition 2.1 The sequence x = (X) is said to be deferred statistically bounded ( Spq—bounded

sequence) if there exists M > 0 such that

1

-1 < : _
Q(n)—p(n)l{p(n) <k < qn) : |xx| > M }|=0,

lim, 0

i.e., opg ({K: x> M}) =0.

The set of all deferred statistically bounded sequences of order will be denoted by
Spq (b). For g (n) = n, p (n) =0 we shall write S (b) instead of Sp 4 (b) .

Theorem 2.2 Every bounded sequence is deferred statistically bounded, but the con verse is not

true.

Proof. Bounded sequences are obviously deferred statistically bounded as the empty set has zero
deferred density. However, the converse is not true, as the following example demonstrates.

Consider a sequence x = (xx) defined by

_{ k, if kis a square
k=, if k is not a square.

Clearly x = (xx) is not a bounded sequence. However, for g (n) = n,

p (n) =0 we have X = (Xx) €Spq(b).

Theorem 2.3 Every deferred statistically convergent sequence is deferred statistically bounded, but

the converse is not true.
Proof. Let x € Spq and ¢ > 0 be given. Then there exists L such that

1

soo—pay P <k < q®) : |x, — LI > & }I=0.

lim,, .

The result follows from the inequality

l{fp(n) <k < q(m) : Ixe| Z LI+ € } < [{p() <k < q() : |x— L| = & }

IJSRR, 9(1) Jan. - March., 2020 Page 354



Gupta Priya, IJSRR 2020, 9(1), 351-357

To show the strictness of the inclusion, choose g (n) = n, p (n) = 0 and consider the sequence

X = (xx) defined by

_{ 1, if k=2n
e T\-1,if k =2n+ 1.

Thenx € Sp ¢ (b) butx & Sp 4.

Remark 2.4 It can be shown that not every sequence is deferred statistically bounded. For this; let
g (n) =n, p (n) =0 and consider a sequence defined by x = (xx) = (1,2,3,,...). Then for any
L >0, we have {k : |[xi| > L}=N-S, where S is a finite subset of N and so 0 ({Kk : [y =
L}) =1, thus x = (xy) is not statistically bounded

Theorem 2.5 Every convergent sequence is deferred statistically bounded , but the converse is not

true.

Proof. Since every convergent sequence is deferred statistically convergent, so the result follows
in view of the Theorem 2.3. For the converse part consider a sequence X = (Xx) defined as

« _{ 2, if kis aperfect square
“710, if kis not a perfect square.

Then we have

1
q(n)—p(n)

vam)—p(m)+1

< . — > <
{p() <k <q@):|x,— 0] = €}l < a(m)-p(n)

and so x = (xx) is deferred statistically convergent with Spq— lim x,x =0, so X is

deferred statistically bounded by Theorem 2.3, but it is not convergent.

Theorem 2.6 (1) Spq (b) is not symmetric.

(ii))  Spq (b) is normal and hence monotone.

(iii)  Spq (b) is a sequence algebra.

Proof. (i) Letx=(x) =(1,0,0,2,0,0,0,0,3,0,0,0,0,0,0, 4, ...) € Spq (b) . Let

y = (yk) be an arrangement of (xx) which is defined as follows:
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(Yk) = (X1, X2, Xa, X3, X9, X5, X16, X6, X25, X7, X36, X8, X409 X10,...)= (1,0, 2,0, 3,0,4,0, 5, 0,...).
Clearly forany M >0, 8, ; ({k: lyk | > M}) =0, for p(n) =n, q(n)=0.

(if) Let x = (x«) € Spq(b) and y = (yx) be a sequence such that |y, <|xi| for all k € N. Since x € Sp 4
(b) there exists a number M such that dpq ({k : [/ > M}) = 0.

Clearly y € Spq(b) as {k: |y > M} c {k:[xi| > M3}. So Spq(b) is normal. It is well

known that every normal space is monotone, so S, 4 (b) is monotone.

(iii) Let X,y € Spq (b) . Then there exists K, M > 0 such that dpq ({k : x| = K3}) = 0 and dpq ({k :
lyk|>M?3}) = 0. The proof follows from the following inclusion {k : |[xkyk| > KM } < {k : |x >
K}u{Kk: |y >M}.
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