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ABSTRACT

Let G be a graph with minimum degree at least one. A total dominator coloring of G is a proper
coloring of G with the extra property that every vertex in G properly dominates a color class. The total
dominator chromatic number of G is denoted by y,4(G) and is defined by the minimum number of
colors needed in a total dominator coloring of G. In this paper, we obtain total dominator chromatic

number on various classes of graphs.
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INTRODUCTION

All graphs considered in this paper are finite, undirected graphs and we follow standard definition
of graph theory as found in'. Let G = (V, E) be a graph of order n with minimum degree atleast one .
The open neighborhood N(v) of a vertex ve V(G) consists of the set of all vertices adjacent to v. The
closed neighborhood of v is N[v]= N (v)U {v}. An induced subgraph G[S], where SCV of a graph G is
a graph formed from a subset S of the vertices of G and all of the edges connecting pairs of vertices in S.
A graph in which every pair of vertices is joined by exactly one edge is called complete graph. A
complete bi partite graph is a graph whose vertices can be partitioned into two subsets Viand V, such
that no edge has both end points in the same subset, and each vertex of the first set is connected to every
vertex of the second set and vice -verse. A star graph S, is the complete bipartite graph Kj .1 (A tree
with one internal node and n-1 leaves).
The path and cycle of order n are denoted by P, and C, respectively. For any two graphs G and H, we
define the cartesian product, denoted by GxH , to be the graph with vertex set V(G)xV(H) and edges
between two vertices (uy ,vi) and (up,Vv- ) iff either u;=u, and viv.€E (H) or u;u,€E(G) and vi=vs.
A subset S of V is called a total dominating set if every vertex in V is adjacent to some vertex in S. The
total dominating set is minimal total dominating set if no proper subset of S is a total dominating set of
G. The total domination number y, is the minimum cardinality taken over all minimal total dominating
set of G. A y,-set is any minimal total dominating set with cardinality y,.
A proper coloring of G is an assignment of colors to the vertices of G such that adjacent vertices have
different colors. The minimum number of colors for which there exists a proper coloring of G is called
chromatic number of G and is denoted by y (G). A total dominator coloring (td- coloring) of G is a
proper coloring of G with the extra property that every vertex in G properly dominates a color class.
The total dominator chromatic number is denoted by i (G) and is defined by the minimum number of
colors needed in a total dominator coloring of G. This concept was introduced by A.Vijiyalekshmi in?.
This notion is also referred as a smarandachely k - dominator coloring of G (k>1) and was introduced by
A.Vijiyalekshmi in® . For an integer k>1, a smarandachely k-dominator coloring of G is a proper
coloring of G such that every vertex in G properly dominates a k color class. The smallest number of
colors for which there exist a smarandachely k-dominator coloring of G is called the smarandachely k-
dominator chromatic number of G, and is denoted by Xstd(G).
In a proper coloring C of G, a color class of C is a set consisting of all those vertices assigned the same

color. Let C " be a minimal td-coloring of G. We say that a color class ¢; € C * is called a non-dominated
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color class (n-d color class) if it is not dominated by any vertex of G. These color classes are also called
repeated color classes. A banana graph By, is @ graph obtained by connecting one leaf of each m copies
of an n-star graph with a single root vertex that is distinct from all the stars . The book graph By, is
defined as the graph Cartesian product P,xKj m.1. The stacked book graph SBp, nis the generalization of
the book graph to stacked pages . The dutch windmill graph D7}, is the graph obtained by taking n copies
of the cycle graph C, with a vertex in common .The lollipop graph Ly is a graph consisting of a
complete graph on m vertices and a path graph on n vertices connected with a bridge . The gear graph
Gy is a wheel graph with a one single vertex added between each pair of adjacent vertices of the outer
cycle. A sunflower graph Sf,, where n > 4 is a graph obtained from n- cycle C, by including a triangle
on each outer edge so that one vertex of each outer triangle has degree 2.

The total dominator chromatic number of paths, cycles and ladder graphs were found in* .

We have the following observations from* .

Theorem A* . Let G be p,, or C,,. Then

(2|2 +2 if n = 0(mod 4)
ta Ou)=xea€)=) 2| 5| +3 if n = 1(mod 4)
k 2 l%] +2 otherwise

In this paper, we obtain the least value for total dominator chromatic number on various classes of
graphs.

Theorem 1 For the banana graph By n %d(Bmn)=2m+1

Proof: Let B i, be the banana graph .The vertex set of the graph V(Bm,) =

{u} U {Uij/ 1<i<nand1<j< m} .T hat is ,B mn consist of one vertex has degree m and m
vertices of degree 2 and m vertices of degree n-1 and m(n-2) vertices of degree 1. We assign 2m distinct
colors to degree 2 and n-1 respectively and the color say 2m+1 to the vertices of degree 1 and [] Thus

Xtd (Bm’n) = 2m+1.
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9 9
4 9
Fig 1 Banana Graph
xtd (Bas)=9
Theorem 2 For the book graph By, x1(Bm)=4
Proof :Let P,xK;, be the book graph with vertex set{vi,vz,vs,------ Von,Von+1,Vans2}, Where  (vi,V2) and

(vi, v;) 1=3,5,7------ ,2n+1 and j=4,6,8,------ ,2n+2 form the pages of By,. We assign colors 1 and 2 to v,
and v, repectively, assign the colors 3 and 4 to the set of vertices {v3,vs,v7,--------- Von+1} ﬁd the set of
vertices {Va,Ve,Vs,----,Von+2 } respectively. Thus yq (Bm) = 4.

xt(Ba)-4
Fig 2 Book Graph

IJSRR, 8(4) Oct. - Dec., 2019 Page 35



A. Vijayalekshmi et al., I]SRR 2019, 8(4), 32-40

Theorem 3 For any stacked book graph SBmn, %d(SBmn)=n+2

Proof: Let SBn,=Pnx Kjmnbe the stacked book graph and let V(SBmn)=
{vij/1<i<nand1<j<m} suchthat Bjisomorphic to the vertex induced subgrarph vy;,vzi,vsi,----
----- Vni. We assign n distinct colors 1,2,3,----,n t0 V11,V21,V31,---------,Vq and colors n+1 and n+2 to the
set of vertices v;;,1<j<mand i=1,3,5----- N if nisodd and the set of vertices vj;,1<j <m and i=2,4,6---

--nif nis even respectively. Thus yw(SBmn)=n+2.
Se 6 r 9 ET

1 2 3 4

5 6 5 6
5
f%

- .~

xd(SB3.4)=6
Fig 3 Stacked Book Graph

Theorem 4 For the dutch wind mill graph D}, ,

([ n(2|™=2+3)-2n+4 if m = 0 (mod 4)
Xtd(D;;l):Q (2|22 +2)-2n+4 if m = 3 (mod 4)

| _

k n (2 lm41 J + 2) —2n+4 otherwise
Proof: Consider D formed by n copies of the cycle ¢y, with V(D)= {vij/ji:ijj:::r’r‘l}. For each
i=1,2,3,---,n {Vi1,Viz,Vi3,--------- ,Vim} be the vertices of i- th copy of cycle Cr, and vi1=Vp1= Vg =--------- =

Vn1 IS @ common vertex. We assign color 1 and 2 to a common vertex vi; and the set of vertices {vi,
Vim}, 1=1,2,3----,n and we assign n x4 (Cr-3) distinct colors to remaining vertices {V i3, Vis,Vis,~--------
Vi m1},1=1,2,3,------ . Totally we get n xu(Cm-3) +2 colors to need td-coloring. We using repeated

colour, s0 yia (DJL)=n %1d (Cm-3) +2-2(n-1) .
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I{ n(Zlm;3J+3)—2n+4 if m =0 (mod 4)
Thus )(td(D,T}L):4 n(Zlm;3J+2)—2n+4 if m = 3 (mod 4)
I _
| n (2 lm4—1J + 2) —-2n+4 otherwise -
3 6
5
4
3
2
15
16
Fig 4 Dutch Wind mill Graph
(D31)=16
Theorem 5 For lollipop graph L,
(2]|=2]+2 if n = 2(mod 4)
*d(Lmn) :4 2 l % J +3 if n =3(mod 4)
2 [%J + 2 otherwise
Proof: Let L, be the lolli pop graph and let V(Lmn)={ v1,V2,V3,--------- Vi ,Vim+1,Vm+2,Vim+3,=======-~ Vinen
} be the set of vertex set, where the set of vertices {vi,Vz,v3,--------- Vm} form K, and the set of vertices
{Vm+1,Vim+2,Vm+3,--------- Vm+n } form P, and (vim,Vm+1) is a bridge of L n,, .We assign colors 1 to the vertex
set{Vm,Vm+2} and the set of vertices { vi,vo,v3,--------- Vm1 , Vm+1p receive m distinct colors say 2,3,----
m+1 respectively. Remaining (n-2) vertices { Vm+3,Vim+4,Vm+5,--=-=----- Vm+n thave yw(Pn-2) colors for td —

coloring.
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(2|=2]+2 if n = 2(mod 4)
Thus 7d(Lms) =4 2| =2 | +3 if n = 3(mod 4)
Ik 2 l%] + 2 otherwise

o— & 07 " °* i

Fig 5 Lallipop Graph
xtd(Levg):].l

Theorem 6 Any gear graph G, %(Gn)= %:d(C 2n)

Proof:: Let G, be the gear graph with vertex set{ vi,v,,v3,--------- Vi \Vn+1,Vie2, Ve --=--=-----
Von+1 },Where vy is the central vertex and v; (2<i<2n+1) be the vertices on the cycle C,, . For td —coloring
,we need y(C 2n) colors for vertex set {vi/ 2< i < 2n+1}and the central vertex receive any one of the

above color. Thus y:(Gn) = %:d(C 2n).

1 7

1d(Gsg)=10
Fig 6.Gear Graph
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Theorem 7 Any sunflower graph Sf,, , (St )= 1+ya(C 1)

Proof: Let Sf, be the sun flower graph obtained taking a wheel with central vertex voand the cycle C,
( VaVoV3--------- Vh V1) and new vertices wi,Wo,Ws,----,W, Where w; is joined by the vertices vi,vi:1 We
assign the color 1 to the set of vertices {vo,w1,W2,Ws,----, W, }.Remaining vertices lies on the circle C,,

for td —coloring,we need y:(C n) colors. Thus y(Sfn )= 1+%w(C ). -

Fig 7 Sun Flower Graph
Xtd(SfB) =7
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