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ABSTRACT

In this paper, we are presenting the concept of product summability Banach(C, 1) of derived
series of the Fourier series. This result is motivated by Dayal.
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INTRODUCTION

The concept of sum ability theory has arises so speedly in recent years. It came after the
summation of non-convergent series and has played an important role in the field of quantum
mechanics, Fourier analysis, Fixed point theory, probability theory and so many.

S. Banach? extends the limit function defined on the space of all convergent sequences to the space
of all bounded sequences. Furthermore, Lorentz® has derived the concept of almost convergent
through the Banach limit in the year 1948.

Lorentz® gave an idea for summation by assigning a general limit x, for the bounded
sequences X = {x,}. In the theory of almost periodic function this method is similar to the mean
values. It can be seen that this general limit is narrowly connected to that of limits of S. Banach?.
According to Mishra®, now we are defining Banach summability

Let Q and I, denote the linear space of all sequences and bounded sequences of real numbers
respectively. A linear functional L on I, is said to be Banach limit if and only if the function L
satisfies the following properties
(1.1) L, : L(x) =0

forevery x>0 i.e.x, =20,Vn €N, XE |y,
(12) L, : Le) =1
fore=(111,.......)

(1.3) Ly: L(x) = L(=(x))
for every x = {x,} € |,

where, T denotes the shift operator on |, such that

T(x) = T({Xn}) = {Xn11}

A sequence X € |, is a Banach summable if all the Banach limits of x are the same.
If L is a limit functional on |, , then

VXEl,,
we say that, L(x) is called a Banach limit of x.

A series Y. u, with sequence of its partial sums {s,,} is said to be Banach summable iff {s,} is
Banach summable.

Let t,, be the sequence defined by
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n+p

t, = ! N

n_n+1z:sk’ nen
k=p

then t,, is said to be the k-th element of the Banach transformed sequence. If

limt, =s,
n—o
a finite number , uniformly v n € N, then
Y. u, is said to be Banach summable to s.
The (C, 1) transform is defined as the n™ partial sum of (C,1) summability (Cesaro summability)

Titmarsh® and is given by
_So+S§ +S§;+--+5,
n n+1

n
=03
S = S
n+1 K
k=0

asn — oo, then

the infinite series Y’ u, is summable to the definite number s by (C, 1) method.

If the method of Banach summability is superimposed on the Cesaro means of order one, another
method of summability Banach (C, 1) is obtained.

Then the series . u,, is said to be summable by Banach (C, 1) means or summable Banach (C, 1) to a

definite number s i.e.
p+k

1 1 <
tk(p):k+1z {n_'_lkZSk}_)s
v=p

=0

asn— oo,
We shall consider a function f(x) of bounded variation integrable in the sense of Lebesgue and
periodic with period2m.

If,

1 m
an = - J_, f(x) cosnxdx

and
1 T
b, =— j f(x) sinnxdx
n —Tt

then f(t) generates the Fourier —Lebesgue series

1 [ee] [ee]
(1.4) 580 + Z(ancosnt + b,sinnt) = Z A, (1)
n=1 n=0
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The series

[ee]

(15) Z n(b,cosnt — a,sinnt) = Z nB,(t)

n=0
which is obtained by differentiating (1.4) term by term is called the derived Fourier series or the

derived series of f(t).

We write,
o) =f(x+t) +f(x—t) —2s
g(t) = qj_(t)t
4sin 5

Yi) =f(x+t) —f(x—1t)

KNOWN RESULTS

Dayal' has introduced the concept of Banach summability first time in the field of Fourier
series showing the existence of unique Banach limit of the series given yields a concept for the
convergence of Fourier series. He proved

Theorem A. If

2.1) j 10.(Wldu=o(t). asto 0+
0

and

(2.2) du=0, asn- o

1
n+p+1

1
nt1 [Py (u)]
u

uniformly with respect to p.

Then the Fourier series f(t) has a unique Banach limit and the limit is zero.

Further, Diwan® has obtained an analogous result by generalised theorem A for the derived Fourier
series. She proved

Theorem B. If
t

(23)  G@) = j lo(u)ldu = o(t), ast—0+
0

and

(24)

S
lim j““ lgiu)ldu = o(1)

1
n+p+1
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hold uniformly with respect to p , then the derived Fourier series (1.5) has a unique Banach limit and
this limit is zero .

Dealing with Banach summability, many researchers gave an idea for F,- limit and Banach limit of
Fourier series like Ogra’, Kori® and Aizpura et al.® and so on.

MAIN RESULT

In this paper, our object is to study the concept of product summability of Banach summable
over Cesaro mean by generalizing the previous results. We have given a new result for the Banach
Cesaro summablility of derived Fourier series by taking the same conditions. The Theorem is as
follows:
Theorem C. If

B1  6M= j lg(wl du = o()
0

ast-0

and
w1 lg(u)l

(3.2) j “+11 guu du=0,
n+p+1

as n - oo, uniformly w.r.to ‘p’
then the derived Fourier series (1.5) is summable Banach (C, 1) to zero at the point x.
We require the lemma for our proof.

LEMMA
If we write
sm(v + Dt
Kp(t) —_
n.+ 1)25; S"1§
then

IfO(n+p+1), foro<t<

n+p+1
_ 1

Kﬁ(t)—{ 0(), foro<t<m

\ O(#) forn%lstsﬁ

Proof of lemma

for0<t<

n+p+1’
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we have,

n+p

K2 )| = |— Z 0(u+1)

(n+1)
v=p

(4.1) =0(n+p+1)

. sin(v + 1)t

sin1
2

=0(+1)

Also, for0<t<m,

We have, on simplification

sin (p + g + 1) tsin(n + 1)%

Ka(®)| = 2
| | (n+1) (sin %)
42) =0 (%)

Similarly,

1
for—<t<m
n+1

cospt — cos(n + p + 1)t + cos(p + 1)t — cos(n + p + 2)t

[Kh(®)] —
2(n + 1)sint.sin 5

cospt — cos(n +p + 1)t . cos(p + 1)t — cos(n + p + 2)t
2(n + 1)sint. sin% 2(n + 1)sint. sin%

<

=11 +1,, say

L= cospt —cos(n+p + 1)t| (1)
1.1 — - 12
2(n + 1)sint.sin% nt?

By virtue of °.
Also,

cos(p+ 1)t—cos(n+p +2)t

1.2 = - T
2(n + 1)sint. sin5

1
43 =0o(=;)
PROOF OF THEOREM C
The n™ partial sum S',, of derived Fourier series (1.5) given by Titmarch® can be written as
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<2 vol$
= _?zjoﬂtp(t) [ Z cosrt]
sm )t]

j LIJ(t) dt

25|n >
(C,1) transform of S, will be given by

E ll — cos(n + 1)1 at

n
rsinrt] dt

4

-1
C'y :—(n+1)1rj0 w(t

., 1
22
SIn >

ot _
_ ljﬂg(t) cos§{1 —cos(n + 1)t} ~ sin(n + 1)1 it

.ot .t
2~ —
(n+ 1)sin > sin

(n+ 1)sin2%

P
m ={1- 1
=1j o0 cos5{1 — cos(n + )t}] it

1 (" sin(n + 1t

S|n§
(5.1) ~ 1, +1,, say
Let,

t
T — ]_ — ]_
1 j o Icosz{ cos(n + )t}] it
0

(n+ 1)sin2%

dt + o(1),

8 2{1 — cos(n + 1)t}
g(t) [ T D

asn — o
since the last interval is o(1), by the presence of n in denominator & by Riemann-Lebesgue
Theorem.

If (1.10) hold fort < §, then

8 —
o) [2{1 cos(n + 1)t}

(n+ 1)tz dt=o(1),

due to Saxena'®
~ 1, =0(1)
It follows from (5.1) that
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, 1" sin(n + 1)t
oo ooz,

S"1§

Banach (C, 1) transform of S, is given by,

n+p
, -1 T sin(v + 1)t
o —JO g(t)UZ: —tdt+o(1)

no (n + 1)1‘[ = Sil’l?

‘l'[

1
= = j g(OKE@®dt + o(1)

IjonﬂlmJ“jnill +ﬂ g(t)KE(t)dt] +0(1)

n+p+1 n+1

1
T

(5.2) = i[P +Q+R] +o(1), say
By using condition (3.1) and (4.1), we have
1 _1
n 1
Pl==0(+p+1) [ lglat
T 0
(53)=0(1), as n—> o
On applying condition (3.2) and (4.2),
we have

ol = i o(3)lg®ldt

1
n+p+1

(54)=0(1), as n—> o
Also,
By using (3.1) and integration by part, we have

F1=0()2 oo

So(R[f2, o[, Pa
SEON

(5.5) = 0o(2),

as N — o

By virtue of (5.2), (5.3), (5.4) and (5.5),
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o'y,=0(1), as n—> o

uniformly w. r.to p.

Hence, the proof of Theorem C is complete.
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