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ABSTRACT 
The difference equations manifest themselves as mathematical models describing real life 

situations in probability theory, queuing problems, statistical problems, stochastic time series, 

combinatorial analysis, number theory, geometry, electrical networks, genetics in biology, 

economics, psychology, sociology, etc., In this paper, we discuss results on Ɩ -difference operator  

with two variable and its inverse 
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1.INTRODUCTION 
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The theory of difference equations has grown tremendously during the last several years and 

it now occupies the central position in applicable analysis and will no doubt continue to play a vital 

and inevitable role in mathematics as a whole in the future as well, The basic theory of di�erence 

equations is based on the operator ∆ defined as    

 ∆u(k) =u(k+1)-u(k), k∈ N={0,1,2,3.....}.Eventhough many authors have suggested the definition of 

∆ as  ∆u(k)=u(k+	݈ )-u(k), k∈ ܴ, Ɩ∈ ܴ − {0},																																																						                     (1.1)                 

But recently, E. Thandapani, M. M. S. Manuel, G.B. A. Xavier [6] considered the definition 

of ∆ as given in (1.1) and developed the theory of di�erence equations in a di�erent direction. For 

convenience, the operator ∆ defined by (1.1) is labelled as ∆(௟) and by defining its inverse ∆(௟)
ିଵ many 

interestin results and application in number theory were obtained.  

Definition: 1.1  Let ݒ(݇) be a real valued function on (-∞,∞) and			݈ ≠ 0.   Then the ݈-difference 

operator, denoted by  ∆(௟)	, on ݒ(݇) is defined as 

∆(௟)	ݒ(݇) = ݇)ݒ + ݈)−  (1.2)																																																																																					(݇)ݒ

and  the inverse of the ݈- difference operator, denoted by  ∆(௟)
ିଵ, on ݒ(݇) is defined as 

   if  ∆(௟)	ݒ(݇) = (݇)ݒ then		,(݇)ݑ = ∆(௟)
ିଵ	(݇)ݑ																																(1.3)                     

Proportion: 1.2  Let (݁௞) be a real valued function on (-∞,∞) and			݈ ≠ 0. Then we have   

௟௡(݁௞)∆	(࢏) = ݁௞(݁௟ − 1)௡                                                                                                        (1.4) 

௟∆		(࢏࢏)
௡(݁௞ା௟) 	= ݁௞ା௟(݁௟ − 1)௡                                                                                                (1.5) 

௟∆	(࢏࢏࢏)
௡(݁௞ା௡௟) 	= ݁௞ା௡௟(݁௟ − 1)௡                                                                                          (1.6) 

௟∆	(࢜࢏)
ି௡(݁௞) = ௘ೖ

൫௘೗ିଵ൯
೙                                                                                                             (1.7) 

௟∆		(࢜)
ି௡(݁௞ା௟) = ௘ೖశ೗

൫௘೗ିଵ൯೙
                                                                                                          (1.8) 

௟ି௡(݁௞ା௡௟)∆		(࢏࢜) = ௘ೖశ೙೗

൫௘೗ିଵ൯
೙                                                                                                       (1.9) 

Proof:	 

(i) By  definition 

	∆Ɩ(݁௞) = ݁௞ା௟ − ݁௞ = ݁௞(݁௟ − 1) 

∆௟ଶ(݁௞) = ݁௞(݁௟ − 1)(݁௟ − 1) = ݁௞(݁௟ − 1)ଶ 

∆௟ଷ(݁௞) = ݁௞(݁௟ − 1)ଶ(݁௟ − 1) = ݁௞(݁௟ − 1)ଷ 

Continuing this process we get  the result 

(ii),(iii) The proof is similar to (i) 

(iv) By  definition 

∆Ɩ(݁௞) = ݁௞(݁௟ − 1) 
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∆௟ିଵ(݁௞) =
݁௞

(݁௟ − 1) 

∆௟ିଶ(݁௞) =
݁௞

(݁௟ − 1)(݁௟ − 1)	 =
݁௞

(݁௟ − 1)ଶ 

∆௟
ିଷ(݁௞) =

݁௞

(݁௟ − 1)ଶ	(݁௟ − 1)	 =
݁௞

(݁௟ − 1)ଷ 

Continuing this process we get  the result. 

(v),(vi) The proof is similar to (iv) 

Theorem :1.3  For the real  valued function u(k) and v(k) then 

∆௟௡(݈݇݃݋	݇) = ∑ (−1)௝	[௡
௝ୀ଴ ݊ ௝ܿ(݇ + (݊ − ݆)݈)log	(݇ + (݊ − ݆)݈)]                 (1.10) 

Proof: By definition 

∆Ɩ(݈݇݇݃݋) = (݇ + ݈) log(݇ + ݈) −  ݇݃݋݈݇

∆௟ଶ(݈݇݃݋	݇) = ∆Ɩ൫∆Ɩ(݈݇݇݃݋)൯ 

                     = (݇ + 2݈) log(݇ + 2݈)− (݇ + ݈) log(݇ + ݈)− (݇ + ݈) log(݇ +  ݇݃݋݈݇	+(݈

                     = (݇ + 2݈) log(݇ + 2݈)− 2(݇ + ݈) log(݇ + ݈) +  ݇݃݋݈݇	

∆௟ଷ(݈݇݃݋	݇) = ∆Ɩ(∆௟ଶ(݈݇݃݋	݇)) 

																								= (݇ + 3݈) log(݇ + 3݈) − 3(݇ + 2݈) log(݇ + 2݈) + 3 (݇ + ݈) log(݇ +  ݇݃݋݈݇−(݈

∆௟ସ(݈݇݃݋	݇) = ∆Ɩ(∆௟ଷ(݈݇݃݋	݇)) 

																								= (݇ + 4݈) log(݇ + 4݈) − 4(݇ + 3݈) log(݇ + 3݈) + 6(݇ + 2݈) log(݇ + 2݈)

− 4(݇ + ݈) log(݇ + ݈) +  ݇݃݋݈݇

Proceeding like this, we get proof of this theorem. 

Corolary:1.4  For the real  valued function u(k) and v(k) then 

∆௟௡(݇(݈݇݃݋)ହ) = ෍(−1)௝ 	[݊ ௝ܿ(݇ + (݊ − ݇)݃݋݈(݈(݆ + (݊ − ݆)݈)ହ]
௡

௝ୀ଴

 

Proof: The proof follows by taking ݈݇݃݋ =  ହin theorem (1.3)(݇݃݋݈)

Corolary:1.5  For the real  valued function u(k) and v(k) then 

∆௟௡(݇(݈݇݃݋)௧) = ෍(−1)௝	[݊ ௝ܿ(݇ + (݊ − ݇)݃݋݈	(݈(݆ + (݊ − ݆)݈)௧
௡

௝ୀ଴

] 

Proof: The proof follows by taking  ݈݇݃݋ =  ௧ in (1.3)(݇݃݋݈)

Theorem :1.6  For the real  valued function u(k) and v(k) we have 

∆௟௡(݇݁௞) = (݁௟ − 1)௡ିଵ[݇݁௞(݁௟ − 1) + ݈݊݁௞ା௟]                                            (1.11) 

Proof: By definition 

∆Ɩ(݇݁௞) = (݇ + ݈)݁௞ା௟ − ݇݁௞  



D. Rejin Rose et al., IJSRR 2019, 8(2), 1179-1185 

IJSRR, 8(2) April. – June., 2019                                                                                                         Page 1182 
 

																= 	݇݁௞(݁௟ − 1) + ݈݁௞ା௟ 

∆௟ଶ(݇݁௞) = ∆Ɩቀ∆Ɩ(݇݁௞)ቁ 

																		= (݁௟ − 1)(	݇݁௞(݁௟ − 1) + ݈݁௞ା௟) + ݈݁௞ାଶ௟ − ݈݁௞ା௟ 

																		= (݁௟ − 1)[	݇݁௞(݁௟ − 1) + 2݈݁௞ା௟] 

∆௟ଷ(݇݁௞) = ∆Ɩ(∆௟ଶ(݇݁௞)) 

																		= (݁௟ − 1)[(݁௟ − 1)	݇݁௞(݁௟ − 1) + ݈݁௞ା௟ + 2	݈݁௞ାଶ௟ − 2݈݁௞ା௟] 

																		= (݁௟ − 1)ଶ[݇݁௞(݁௟ − 1) + 3݈݁௞ା௟] 

∆௟ସ(݇݁௞) = ∆Ɩ(∆௟ଷ(݇݁௞)) 

																		= [(݁௟ − 1)ଶ[(݁௟ − 1)	݇݁௞(݁௟ − 1) + ݈݁௞ା௟ + 3	݈݁௞ାଶ௟ − 3݈݁௞ା௟] 

																		= (݁௟ − 1)ଷ[݇݁௞(݁௟ − 1) + 4݈݁௞ା௟] 

Continuing like this, we get proof of this theorem. 

Theorem :1.7  For the real  valued function u(k) and v(k) we have 

∆௟ି௡(݇݁௞) = ଵ

൫௘೗ିଵ൯
೙శభ [݇݁௞(݁௟ − 1) − ݈݊݁௞ା௟]                                              (1.12) 

Proof: By product formula, 

∆௟ିଵ(ݒ(݇)ݑ(݇)) = −((݇)ݒ)௟ିଵ∆(݇)ݑ ∆௟ିଵ[∆௟ିଵ(ݒ(݇ + ݈))∆Ɩݑ(݇)] 

∆௟ିଵ(݇݁௞) = ݇∆௟ିଵ(݁௞) − ∆௟ିଵ[∆௟ିଵ(݁௞ା௟)∆Ɩ(݇)] 

∆௟ିଵ(݇݁௞) =
݇݁௞

(݁௟ − 1) −
1

(݁௟ − 1)	∆௟
ିଵ(݈݁௞ା௟) 

																				=
݇݁௞

(݁௟ − 1) −
݈݁௞ା௟

(݁௟ − 1)ଶ 

																			=
1

(݁௟ − 1)ଶ [݇݁௞(݁௟ − 1)− ݈݁௞ା௟] 

∆௟ିଶ(݇݁௞) =
1

(݁௟ − 1)ଶ ቊ(݁௟ − 1)
1

(݁௟ − 1)ଶ [݇݁௞(݁௟ − 1)− ݈݁௞ା௟]−
݈݁௞ା௟

(݁௟ − 1)ቋ 

																			=
1

(݁௟ − 1)ଷ [݇݁௞(݁௟ − 1)− 2݈݁௞ା௟] 

∆௟ିଷ(݇݁௞) =
1

(݁௟ − 1)ଷ ቊ(݁௟ − 1)
1

(݁௟ − 1)ଶ [݇݁௞(݁௟ − 1)− ݈݁௞ା௟]−
2݈݁௞ା௟

(݁௟ − 1)ቋ 

																				=
1

(݁௟ − 1)ସ [݇݁௞(݁௟ − 1)− 3݈݁௞ା௟] 

Repeatedly  like this, we get proof of this theorem 

Theorem :1.8  If  n is a Positive integer and Ɩi>0, then 

∆௟೙൫∆୪౤షభ∆୪౤షమ … … … … … … . .∆௟మ∆௟భe୩൯ = e୩൫∏ (e୪౟୬
୧ୀଵ − 1)൯                                  (1.13) 
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Proof: By definition 

																			∆௟భ൫e୩൯ = e୩ା௟భ − e୩ = e୩(e௟భ − 1) 

																			∆௟మ(∆௟భe୩) = 	e୩(e௟భ − 1)(e௟మ − 1) 

																			∆௟య(∆௟మ∆௟భe୩) = 	e୩(e௟భ − 1)(e௟మ − 1)(e௟య − 1) 

                 ∆௟ర(∆௟య∆௟మ∆௟భe୩) = 	e୩(e௟భ − 1)(e௟మ − 1)(e௟య − 1)(e௟ర − 1) 

Proceeding like this, we get proof of this theorem 

Theorem :1.9  If  n is a positive integer and Ɩi >0, then 

∆௟೙
ିଵ൫∆௟೙షభ

ିଵ∆௟೙షమ
ିଵ∆௟೙షయ

ିଵ … … … .∆௟మ
ିଵ∆௟భ

ିଵ݁௞൯ = ௘ೖ

∏ (௘೗೔ିଵ)೙
೔సభ

                           (1.14) 

Proof: By definition 

                          		∆௟భ
ିଵ(݁௞) = ௘ೖ

൫ୣ೗భିଵ൯
 

																		∆௟మ
ିଵ(∆௟భ

ିଵ݁௞) = ௘ೖ

൫ୣ೗భିଵ൯൫ୣ೗మିଵ൯
  

																		∆௟య
ିଵ(∆௟మ

ିଵ∆௟భ
ିଵ݁௞) =

݁௞

(e௟భ − 1)(e௟మ − 1)(e௟య − 1) 

Continuing this way, we get proof of this theorem. 

Theorem :1.10  If  n is a Positive integer and Ɩi>0, then 

∆௟೙൫∆୪౤షభ∆୪౤షమ … … … … … … . .∆௟మ∆௟భ݇e୩൯ 

= (ෑ݁ ௟೔ − 1)݇e୩ + ݈ଵ

௡

௜ୀଵ

(e௟మ − 1)(e௟య − 1) … . (e௟೙ − 1)e୩ା௟భ 

+݈ଵ(e௟మ − 1)(e௟య − 1) … . (e௟೙ − 1)e୩ା௟భ + ݈ଶ(e௟భ − 1)(e௟య − 1) … . (e௟೙ − 1)e୩ା௟మ 

+⋯… … … … … . . … … … … … … … … … . +݈௡(e௟భ − 1)(e௟య − 1) … . (e௟೙షభ − 1)e୩ା௟೙             (1.15) 

Proof: By definition 

        ∆௟భ(݇e୩) 	= 	(݁ ௟భ − 1)݇݁௞ + ݈ଵ݁௞ା௟భ 
∆௟మ൫∆௟భ݇e୩൯ = (݁௟భ − 1)(݁௟మ − 1)݇݁௞ + (݁௟భ − 1)݈ଶ݁௞ା௟మ + (݁௟మ − 1)݈ଵ݁௞ା௟భ 

∆௟య൫∆௟మ∆௟భ݇e୩൯ = (݁௟భ − 1)(݁௟మ − 1)(݁௟య − 1)݇݁௞ + (݁௟భ − 1)(݁௟మ − 1)݈ଷ݁௞ା௟య 

                           +(݁௟భ − 1)(݁௟య − 1)݈ଶ݁௞ା௟మ + (݁௟మ − 1)(݁௟య − 1)݈ଵ݁௞ା௟భ 
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Proceeding like this, we get proof of this theorem 

Theorem :1.11  If  n is a positive integer and Ɩi >0, then 

∆௟೙
ିଵ൫∆௟೙షభ

ିଵ∆௟೙షమ
ିଵ∆௟೙షయ

ିଵ … … … .∆௟మ
ିଵ∆௟భ

ିଵ݇݁௞൯ =
݇݁௞

∏ (݁௟೔ − 1)௡
௜ୀଵ

 

−
݈ଵ݁௞ା௟భ

(݁௟భ − 1)ଶ(e௟మ − 1)(e௟య − 1) … . (e௟೙ − 1)−
݈ଶ݁௞ା௟మ

(e௟భ − 1)(݁௟మ − 1)ଶ(e௟య − 1) … . (e௟೙ − 1) 

−⋯… … … … … .−
݈௡݁௞ା௟೙

(e௟భ − 1)(e௟మ − 1)(e௟య − 1) … . (e௟೙షభ − 1)(݁௟೙ − 1)ଶ 

                                          (1.16) 

Proof: By definition 

∆௟భ
ିଵ(݇݁௞) 	=

1
(݁௟భ − 1)ଶ [݇݁௞(݁௟భ − 1)− ݈ଵ݁௞ା௟భ] 

∆௟మ
ିଵ(∆௟భ

ିଵ݇݁௞) =
1

(݁௟భ − 1)ଶ ቊ(݁௟భ − 1)
1

(݁௟మ − 1)ଶ [݇݁௞(݁௟మ − 1)− ݈ଶ݁௞ା௟మ] −
݈ଵ݁௞ା௟భ

(e௟మ − 1)ቋ 

																			=
݇݁௞

(݁௟భ − 1)(݁௟మ − 1)		 −
݈ଵ݁௞ା௟భ

(݁௟భ − 1)ଶ(e௟మ − 1)		 −
݈ଶ݁௞ା௟మ

(݁௟భ − 1)(݁௟మ − 1)ଶ	 

∆௟య
ିଵ(∆௟మ

ିଵ∆௟భ
ିଵ݇݁௞) =

1
(݁௟భ − 1)(݁௟మ − 1)		 ൜

1
(݁௟య − 1)ଶ [݇݁௞(݁௟య − 1)− ݈ଷ݁௞ା௟య]ൠ 

																																							−
݈ଵ݁௞ା௟భ

(݁௟భ − 1)ଶ(e௟మ − 1)(݁௟య − 1)		 −
݈ଶ݁௞ା௟మ

(݁௟భ − 1)(݁௟మ − 1)ଶ(݁௟య − 1)	 

∆௟య
ିଵ(∆௟మ

ିଵ∆௟భ
ିଵ݇݁௞) =

݇݁௞

(݁௟భ − 1)(݁௟మ − 1)(݁௟య − 1)				 −
݈ଵ݁௞ା௟భ

(݁௟భ − 1)ଶ(e௟మ − 1)(݁௟య − 1)				 

																																							−
݈ଶ݁௞ା௟మ

(݁௟భ − 1)(݁௟మ − 1)ଶ	(݁௟య − 1)				 −
݈ଷ݁௞ା௟య

(݁௟భ − 1)(݁௟మ − 1)(݁௟య − 1)ଶ						 

Continuing this process, we get proof of this theorem 
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