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ABSTRACT

The main aim of this paper is to identify some cycle related graphs which admit vertex even
mean labeling. We prove that every cycle C, (n > 6) with parallel chords is vertex even mean graph.
Using graph operations on cycles with parallel chords we have obtained new families of graphs
namely chain of even cycles with parallel chords, crown with parallel chords, subdivided cycle with
parallel chords, two copies of odd cycles sharing a common edge, two copies of odd cycles sharing a

common vertex which are vertex even mean graphs.

KEYWORDS: Mean labeling, Vertex Even Mean labeling, Cycles with parallel chords,
Subdivided Cycle with parallel chords, Chain of cycles
AMS Subject Classification:05C78

* Corresponding Author
Srividya V

Associate Professor of Mathematics
Bharathi Women’s College
Chennai — 108, Tamilnadu
mylaporevidya@gmail.com

Mobile No.+91 94445 52145

IJSRR, 8(2) April. = June., 2019 Page 902



Srividya et al., IJSRR 2019, 8(2), 902-913

I. INTRODUCTION

In Graph theory labeling of a graph is obtained by assigning integer values to the vertices or
edges of a graph under some conditions.3-valuation introduced by Rosa’ was the origin of graph
labelling which was later renamed by Golomb® as graceful labeling. In this paper, a finite simple and
undirected graph G = (V, E) with p vertices and g edges is considered. Many kinds of labeling and its
variations have been introduced by researchers over the past five decades. Mean labeling was

introduced by Somasundaram.S and et al*®

. Several graphs that are proved to be mean graphs are
seen in***'®"  Various types of mean labeling have been introduced since then. N. Revathi®
introduced a kind of mean labeling namely vertex even mean labeling and proved that Umbrella
graph, K; + C, are vertex even mean graphs. Vertex even mean labeling of various graphs are
discussed in*"®. Gallian® gives a detailed survey on graph labeling. Several labelings on cycles with
zigzag chords, cycles with parallel chords are seen in®®**'**° This paper is focussed on vertex even
mean labeling of cycles with parallel chords and also new classes of graphs obtained from cycles

with parallel chords using graph operations.

Definition 1.1:%
A graph G with |V(G)|=p, and |E(G)|=qis said to be a mean graph if there is an injection f : V
(G) - {0,1,2,...,q} such that when each edge xy is labeled with w if f(x)+f(y) is even, and

W if f(x)+f(y) is odd, the resulting edge labels are distinct.

Definition 1.2:®
A Graph G=(V, E) with |V(G)|=p, and |E(G)|=q is said to be vertex even mean graph if there
exist an injectionf :V(G)—{2,4,...2q}such that the induced mappingf *:E(G) —I{set of positive

FW)+f ()
2

integers} defined by f*(uv) = are distinct for each edge uv. Such a function f is called a

vertex even mean labeling.

Definition 1.3:2

A cycle with parallel chords is defined as a graph G obtained from a cycle C, (n > 6) with

consecutive vertices Vo,V, .. Vn1,Vo by adding the chords vi Vn.1, V2 Vn2 ,...VoVs Where o = EJ -1, 8

= EJ +1if niseven and g = EJ + 2 if nis odd. Then G has n vertices and M edges where M =

(3n-3)/ 2 ifnis odd and M = (3n-2) / 2 if n is even. Here chord is an edge connecting two otherwise

non adjacent vertices of the cycle C,.
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Definition 1.4:
Consider n copies of cycle C,n,. Chain of Cycles is the graph obtained by identifying vin with

Vis1m for i =1,2,...n-1 where vi1, Vi, ...Vi2m are the successive vertices of n copies of Cop.

Definition 1.5:°

Subdivision of a graph is a graph obtained by subdividing each edge of the graph with a

vertex exactly once.

Definition 1.6:

We defineSubdivided cycle with parallel chords as a graph obtained by subdividing each
edge of cycle only with a vertex.

I1. MAIN RESULTS

Theorem 2.1: Every cycle C,, (n > 6) with parallel chords is a vertex even mean graph
Proof: Let G be the cycle C, with parallel chords. Then by definition 1.3G has n vertices and M
edges. The n vertices of G are vo, vi,...,Vha. Define the vertex labelling f : V(G) ={2,4,...,2M} as
follows for the two cases depending on n.

f(vi) = 4i, 1<i<n/2ifnisevenand 1<i<(n-1)/2if n is odd

f(vni) = 4i + 2, 0<i<n/2-1ifnisevenand 0 <i<(n-1)/2 ifnisodd
From the above it is clear that all the vertices labeled are distinct.
E(G) = E1UE,UE3UE, is the edge set where

Ei={vivis, 1 <i<n/2-1ifnisevenand 1 <i<(n-3)/2 if n is odd}

E2 = {Vn-iVi(i+1), 0 <i <n/2- 2ifnisevenand 0 <i < (n-3) / 2if n is odd}

Es = {ViVhi, 1<i1<n/2-1ifniseven and 1<i<(n-1)/2 if n is odd}

E4 = {VoV1, VniVnz + 1 I N is even and Vv if n is odd}.

Define the induced function f : E(G) =1 (Set of Positive integers) as

f* (Vivis1) = 4i+ 2, 1<i<n/2-1lifnisevenand 1<i<(n-3)/2ifnisodd
f* (Vn-iVni+py) =41+ 4, 0<i<n/2-2ifnisevenand 0 <i<(n-3)/ 2ifnis odd

f* (vivni) =4i + 1, 1<i<n/2-1ifnisevenand 1<i<(n-1)/2if nis odd
f* (vov1) =3

f* (VaVae+1) =2n -1
It is clear from the above labeling that the edge labels of E;, E; are even and that of E3 is odd. To
show that the edge labels of E;, E; are distinct we will assume on the contrary that they are same.
For the edges of E; and E :

ifiz],1<i<n/2-land0<j<n/2-2
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let f* (Vivis1) = f *(VnjVa-i+1)) Then
4i+2=4j+4==>2(i-) =1
Here the left hand side is an even integer whereas the right hand side is an odd integer, a
contradiction. Hence the edge labels of E; and E; are distinct. Thus all the edges of G have distinct
labels and G is a vertex even mean graph. An illustrationis given in Figure 1 and Figure 2.
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Figure 1. Vertex Even Mean Figure 2. Vertex Even Mean Labeling
Labeling of €3 with Parallel Chords of Cy with Parallel Chords

Theorem 2.2:Chain of even cycles C,, (n > 6) with parallel chords is a vertex even mean graph.
Proof: Consider s copies of even cycle C, with parallel chords. By definition 1.4for j=1,2,3,...... S let
Vo, Vij --- Vn-1j D€ the n vertices of j™ copy of cycle C, with parallel chords. Chain of cycles C, s is
the graph obtained from s copies of cycle C, with parallel chords by identifying v j with vo, j+1 for j
=1.2,....s-1. Let this graph be denoted by G. Then G has s(n-1) + 1vertices and sM edges.

Define the vertex labeling f : V(G) »{2,4,...,2sM}as follows :

Forj=1,2,...s
f(vi ;) = 4i + 2(n-1)(j-1), 1<i<n/2
f (Vni,j) = 4i +2+2(n-1)(j-1), 0<i<n/2-1

From the above it is clear that all the vertices labeled are distinct.
E(G) = E; U E, U E3 U E, is the edge set where
Ei={Vi Vi, 1<i<n/2—1land 1<j<s}
Ez = {VnijVng+1), y 0<i1<n/2-2and 1<j<s}
Es = {VijVni, j, 1<i<n/2-1and 1<j <s}
Es={VoV1j Vo, j Vo +1,j, 1S <s}

Define the induced function f : E(G) =1 (Set of Positive integers) as follows:
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Forj=1,2,...s
* (VijVisa, j) = 4i + 2 + 2(j-1)(n-1), 1<i<n2-1
% (Vnii, Vn-G+1), j) = 41 + 4 + 2(j-1)(n-1), 0<i<n/2-2
* (VijVni,j) = 4i + 1 + 2(j-1)(n-1), 1<i<n/2-1

£* (Vo va, ) = 3 + 2(j-1) (n-1)
f* (V2 jVnz +1,) = 2n = 1 + 2(j-1) (n-1)
From the above labelingit is evident that the edge labels of E;, E;and Ej3 are in an increasing sequence
as i increases and are distinct. Also that the edge labels of E4 are distinct as 2n — 1 > 3 for n > 6.

Hence G is a vertex even mean graph. An illustration for this case is given in Figure3.

VYag 38 Vig Vi3 18 Va3 iy 18 Va2 Va1 b Vs

Figure 3. Vertex Even Mean Labeling of C;  with Parallel Chords

Theorem 2.3: Every crown C, O K; (n > 6) with parallel chords is a vertex even mean graph

Proof: A cycle C, with parallel chords is considered. By attaching a pendant edge at each vertex of
cycle C, with parallel chords, a Crown C, © Ky with parallel chords is obtained. Let this graph be G .
The vertices of cycle C, are denoted by v, Vi, ... Vaa and let vo, vi, ... Vo1 be the pendant vertices
of G’. Then by definition 1.4,G" has 2n vertices and M + n edges where M = (3n-3) / 2 if n is odd and
M = (3n-2) / 2 if n is even. Define the vertex labelling f : V(G) — {2,4,....2(M+n)} as follows for the

two cases depending on n.

f(vi) =8i-2, 1<i<n/2ifnisevenand 1<i<(n-1)/2 if n is odd
f (vni) = 8i + 2, 0<i<n/2-1lifnisevenand 0<i<(n-1)/2ifnis odd
i\ — (4n —4ifniseven
£ = {7 it s odd
f(vi)=8i-4, 1<i<n/2-1ifnisevenand 1<i<(n-1)/2 if nis odd
f (Vni ) = 8i, 1<i<n/2ifnisevenand 1<i<(n-1)/2ifnisodd

From the above it is seen that all the vertices are labeled and are distinct.
E(G) = E;U E, U E3 UE, UE; UE; UE3 s the edge set where
Ei1={vivis, 1<i<n/2-1lifnisevenand 1 <i<(n-3)/2if nis odd}

Ez = {Vn-iVn-i+1), 0<1<n/2 -2 ifnisevenand 0 <i < (n-3)/2 if n is odd}
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Es={vivni, 1<i<n/2-1lifnisevenand 1 <i<(n-1)/2 if nis odd}
Es={ Vovo, Vovi}

E. ={vivi, 1<i<n/2-1ifnisevenand 1<i<(n-1)/2 if n is odd}
Ey = {VaiVoi, 1 <i<n/2-1ifnisevenand 1 <i<(n-1)/2 if n is odd}
Es = {Vo2 Vo2, V2 Viiasr i N is even}

Define the induced function f : E(G) =1 (Set of Positive integers) as

* (Vivis) = 8i + 2, 1<i<n/2-1lifnisevenand 1 <i<(n-3)/2ifnis odd

f* (VniVn-i+1)) = 81 +6, 0<i<n/2-2ifnisevenand 0 <i <(n-3)/2if n is odd

* (Vivni) = 8, 1<i<n/2-1ifnisevenand 1 <i<(n-1)/2 ifnis odd

* (VoVo ) =2n— 1 if n is even

f* (VoVo ) = 2n + 1 if n is odd

f* (vovy) =4

f* (vivi) = 8i - 3, 1<i<n/2-lifnisevenand 1<i<(n-1)/2ifnis odd

f* (VnaVni ) = 8i + 1, 1<i<n/2-lifnisevenand 1<i<(n-1)/2ifnis odd
If nis even,

f* (Vn/2Vn/2 + 1) =4n-4

From the above labeling it is observed that all the edge labels are distinct andG’ is a vertex even
mean graph. An illustration for this case is given in Figure 4& Figure5.
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Figure 3. Vertex Even Mean Labeling of Crown

Figure 4. Vertex Even Mean Labeling of C; O Kywith Parallel Chords

Crown Cy O K; with Parallel Chords

Theorem 2.4: Subdivided Cycle C,, (n > 6) with parallel chords is a vertex even mean graph

Proof: By definition 1.6,let G be the subdivided Cycle C, with parallel chords. The vertices of cycle
C, are denoted by vo, v, ... Voa. Let the newly added vertices be do, d,..... dy10f subdivided edges
VoV1, V1Vo, ...Vn1Vn. ThenG has 2n vertices and M + n edges.

Define the vertex labelingf : V(G ) »{2,4,....2(M + n)} as

f(vi) =8I, 1<i<n/2ifnisevenand 1<i<(n-1)/2 if nis odd
f (vni) = 8i + 2, 0<i<n/2-1ifnisevenand 1<i<(n-1)/2ifnis odd
f(d)=8i+4, 0<i<n/2-1ifnisevenand 1<i<(n-1)/2 ifnis odd
f (dn-i) = 8i - 2, 1<i<n/2ifnisevenand 1<i<(n-1)/2 if nis odd

It is seen from the above that all the vertices labeled are distinct.
The edge set E(G) = E;U E, U E3 UE4, UEs UEgUEis given by
E; ={vidi, 1<i<n/2-1lifnisevenand 1<i<(n-1)/2 if nis odd}
E, ={vidi1, 1<i<n/2ifniseven and 1<i <(n-1)/2 if n is odd}
Es = {Vn-g-1)dnsi, <t <n/2ifnisevenand 1<i<(n-1)/2 ifnis odd}
Es = {Vnidni, 1 <i<n/2-1ifnisevenand 1<i<(n-1)/2 if n is odd}
Es ={vivhi, 1 <i<n/2-1lifnisevenand 1<i<(n-3)/2 if nis odd}
Ee = {Vodo}andE7 = {Vi/2 dn2 if N is even and v(n+1y2 dn-1y2 if N is odd}
Define the induced function f: E(G) —I (Set of Positive integers) as
* (vidi) = 8i + 2, 1<i<n/2-1lifnisevenand 1<i<(n-1)/2if nis odd
* (vidi.1) = 8i - 2, 1<i<n/2ifnisevenand 1<i<(n-1)/2 if n is odd
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* (Vni-y) dni) =81 -4, 1<i<n/2ifnisevenand 1<i<(n-1)/2ifnisodd

* (Vn-idn-i) = 8i, 1<i<n/2-lifnisevenand 1<i<(n-1)/2ifnis odd

* (Vivni) = 8i + 1, 1<i<n/2-lifnisevenand 1<i<(n-1)/2ifnis odd

f* (vodo) =3 and

f* (Vo2 dni2) =4n =1 if n is even

* (Vn+1y2 dn-1y2) = 4n — 1if n is odd

It is clear from the above that all the edges receive distinct labels andG is a vertex even mean
graph. An illustration for this case is given in Figure 6&Figure 7.

Figlll"e 6 Vertex Ev_en Mean Labeling of Figure 7. Vertex Even Mean Labeling ol
Subdivision of Cg with Parallel Chords Subdivision of C; with Parallel Chords

Theorem 2.5: Two copies of odd cycle C, (n > 7) with parallel chords sharing a common
edge is a vertex even mean graph

Proof: Consider two copies of odd cycle C,with parallel chords. Let v, vi,...Vo1 be the
vertices of first copy of cycle C, and let wo, Wy, ... W1 be the vertices of second copy of cycle C,
sharing a common edge Vq.1 V-2 = Wy Wo. Let this graph be G having 2n -2 vertices and 3n — 4 edges.
Define the vertex labelingf :V(G ) - {2,4,....6n — 8} as follows:

f(vi) = 4i, 1<i<(n-1)/2

f (Vi) = 4i + 2, 0<i<(m-1)/2

f(Wni) =4n+2i-6, 0<i<(n-1)/2

f(w)=5n+2i-7, 3<i<(m-1)/2
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All the vertices are labelled and are distinct.

E(G) = E1U Ex U E3 UE4 UEs UEGUE;UEgis the edge set where
E1 = {ViVis1, 1 <i <(n-3)/2}

E> = {Vn-iVa-G+1), 0 <i < (n-3)/2}

Es = {vivni, 1 <i < (n-1)/2}

Es = {wiwis1, 3<i < (1-3)/2}

Es = {Wh-iWn-(i+1), 0 <i < (n-3)/2}

Ee = {Wiwy.i, 3 <i < (n-1)/2}

E; = {wiwy., 1 = 1,2}

Es = {Vo V1, Wo W1, W, W3}

Define the induced function f : E(G) =1 (Set of Positive integers) as follows.

*(vivie1) = 4i + 2, 1<i<(n-3)/2
% (Vo-iVn-ien) = 4i +4, 0<i<m-3)12
f* (Vivpi) = 4i+ 1, 1<i<(n-1)/2
f*(Wiwi+1) = 5n + 2i - 6, 3<i<®n-3)2

% (Wn-iWn-G+1)) = 40 + 2i =5, 0 <i <(n-3)/2

f* (Wiwn.) = (9n + 4i - 13)/ 2, 3<i<(m-1)2

* (Wiwn.i) = 2n + 3i -2, i=12

*(vovi) = 3, f*(Wowi) = 2n, F*(Wow3) = (5n+9)/2

From the above it is clearly observed that all the edges receive distinct labels. Hence G is a
vertex even mean graph. An illustration for this case is given in Figure 8.

vy Vs Wy s

16 17 18 46 42 38
14 16 =45 37
12 13 1< P g 20 36,
vy Ve g Mg
10 iz 27 35
5 9 10 22 34
Vo Vo Yy
o 8 33
4 3 & 19 32
Vi g W
3 4 18 3]
2 3G

Vo Iy

Figure 8. Vertex Even Mean Labeling of Two Copies
of Cg with Parallel Chords sharing a Common Edge

Theorem 2.6:Two copies of odd cycle C, (n > 7) with parallel chords sharing a common

vertex is a vertex even mean graph
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Proof: Consider two copies of odd cycle Cywith parallel chords. Let vo, vi,...,Vh1 be the
vertices of first copy of cycle C, and let wp, w1, ...,Wq1 be the vertices of second copy of cycle C,
sharing a common vertex vo which is same as wy. Let this graph be denoted by G. Then G has 2n -1
vertices and 3n — 3 edges.

Define the vertex labelingf : V(G ) - {2,4,....6n -6} as

f(vi) = 4i, 1<i<(n-1)/2

f(vni) = 4i + 2, 0<i<(n-1)/2

f(w)=4n+4i-6, 1<i<(n-1)/2

f(Wni) =4n+4i-4, 1<i<(n-1)/2
It is seen from the above that all the vertices label dare distinct.

The edge set E(G) = E;U E, U E3 UE4 UEs UEGUE; is given by

Ei = {vivis1, 1 <1 <(n-3)/2}

E2 = {Vh-iVn-i+1), 0 <1< (n-3)/2}

Es ={vivni, 1 <i<(n-1)/2}

Es = {wiwis1, 1 <1<(n-3)/2}

Es = {Wh-iWn-G+1), 1 <1=(n-3)/2}

Es = {wiwn.i, 1 <i<(n-1)/2}and E7 = {Vvo V1, Vo Wy, Vo Wn-1}

Define the induced function f : E(G) =1 (Set of Positive integers) as

f*(Vivie) = 4i + 2, 1<i<(n-3)/2
*(Vn-iVn-G+1)) = 41 +4, 0<i<(n-3)/2
f*(Vivni) = 4i + 1, 1<i<(n-1)/2
f*(Wiwis1) = 4n +4i - 4, 1<i<(n-3)/2
f*(WniWn-gs1)) =4n+4i—-2, 1<i<(n-3)/2
f* (WiWn-i) = 4n +4i - 5, 1<i<(n-1)/2
*(vov1) =3,

f*(vowi) = 2n and
*(vown1) =2n+1
From the above it is evident that all the edge labels are distinct. Hence G is a vertex even

mean graph. An illustration is given in Figure 9.
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W3 W vy Vs

Figure 9. Vertex Even Mean Labeling of Two Copies
of C; with Parallel Chords Sharing a Common Vertex

CONCLUSION

In this paper we have obtained new families of graphs that are vertex even mean graphs using

graph operations on cycles with parallel chords. In future we prove yet another labeling on similar

graph families.
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