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1. INTRODUCTION

Common fixed point theorems for three mappings in metric space were studied by Latpate et
al*Similar results can be seen in Abbas et al?, Arshad et al®,

Jungck®and Rahimi et al°.Further these results were extended for vector metric space by
Altun and Cevik®.We extend some of the results of fixed point for three mappings defined on vector
b-metric space which is aRiesz space valued metric space. Vector b-metric space was defined by
Petre’ in 2014 by defining b-metric on vector metric space. We recall the basic concepts and
definitions introduced by Altun andCevik® and Petre’.

We follow notions and terminology by AliprantisandBorder °, Luxemburg andZannen'® for Riesz
spaces.

A partially ordered set (E, <) is a lattice if each pair of elements has a supremum and
infimum.A real linear space E with an order relation < on E which is compatible with the algebraic
structure of E is called an ordered linear space.Riesz space is an ordered vector space and at the same
time a lattice also. Let E be a Riesz space with the positive cone
E. = {x € E : x> 0}. For an element x € E, the absolute value |x|, the positive part x*, the negative
part X~ are defined as |x| = X v(-X), X" = x v 0,x = (-X)v O respectively.

If every non—empty subset of E which is bounded above has a supremum, then E is called Dedekind

complete or order complete. The Riesz space E is said to be Archimedean if ia 4 0 holds for every
n

ac E..

Let E be a Riesz space. A sequence (by) is said to be order convergent or o—convergent to b if
there is a sequence (a,) in E satisfying a,+ 0 and |b,— b|< a, for all n, written as b,—2— b or o.limb,
=h.

A sequence (bp) is said to be order Cauchy (o-Cauchy) if there exists a sequence (a,) in E
such that aqd 0 and |b,—bnsp| < a, holds for all n and p.

A Riesz space E is said to be o-Cauchy complete if every o-Cauchy sequence is 0-convergent.
DEFINITION 1.1[10] :Let X be a non—-empty set and E be a Riesz space. Then function d : X
xX— E is said to be a vector metric (or E—metric) if it satisfies the following

properties :

@ dix,y)=oifandonly ifx =y

(b)  d(x,y) <d(x, z) +d(y, z) forall x, y, z € X.
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Also the triple (X, d, E) is said to be a vector metric space. Vector metric space is
generalization of metric space. For arbitrary elements X, y, z, w of a vector metric space, the
following statements are satisfied :

() 0<d(xy) (i) d(x, y) = d(y, x)
(i) [d(x, 2) —d(y, )| < d(x, y)
(iv)  ld(x, 2) —d(y, w)| <d(x,y) +d(z, w)

A sequence (Xn) in a vector metric space (X, d, E) vectorial converges (E-converges) to some
x € E, written as X, —2& SXif there is a sequence (ay) in E satisfying a,J 0 and

d(xn, X)<a, for all n.
A sequence (x,) is called E-cauchy sequence whenever there exists a sequence (a,) in E such that any
0 and d(Xn, Xn +p) < @, holds for all nand p.
A vector metric space X is called E-complete if each E—cauchy sequence in X, E converges to a limit
in X.

For more detailed discussion regarding vector metric spaces we refer to °%.
When E = R, the concepts of vectorial convergence and metric convergence, E-cauchy sequence and
Cauchy sequence in metric are same.

When also X = E and d is the absolute valued vector metric on X, then the concept of
vectorial convergence and convergence in order are the same.
DEFINITION 1.2:Let X be a non-empty set and let s > 1 be a given real number. A function d :
X xX— R" is called a b-metric provided that, for all x, y, z € X
() d(x,y)=0ifandonly ifx =y
(i) d(x,y) =d(y, x)
(i) d(x, z) <s[d(y, x) + d(y, 2)]
A pair (X, d) is called a b-metric space. It is clear from definition that b-metric space is an extension
of usual metric space.

Several authors have investigated fixed point theorems on b-metric spaces, one can see
11, 12.

Petre’ defined E-b-metric space or vector b-metric space as follows:

DEFINITION 1.3 [7] :Let X be a nonempty set and s > 1, A functional d : X xX— E. is called
an E-b-metric if for any x, y, z € X, the following conditions are satisfied :

@ d(x,y)=0ifandonly ifx =y

(b)  d(x,y)=d(y, x)

(©)  d(x 2) <s[d(x,y) +dl(y, 2)]
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The triple (X, d, E) is called E-b-metric space.

EXAMPLE 1.4: Let d: [0,1]x[0,1]— R?defined byd(x,y) = (a|x-y|%, B|x-y|*) then (X,d,R?) is E-b-

metric space where a,B> 0.

DEFINITION 1.5[13]: Let A and B be self maps of a set X if y = Ax = Bx for some x € X, then

y is said to be a point of coincidence and x is said to be a coincidence point of A and B. A pair of
8,11

maps A and B is called weakly compatible pair if they commute at coincidence points™ .
LEMMA 1.6 [13]:If E is a Riesz space and a < ka where a € E.and k e [0,1) thena = 0.
LEMMA 1.7 [14]: Let P and Q are weakly compatible self-maps on a set Y. If P and Q have a
unique point of coincidence ¢ = Pc = Qc, then c is the unique common fixed point of P and Q.

2. MAIN RESULTS :In this section, we prove some fixed point theorems for three mappings in
vector b—-metric space. Kir and Kiziltunc*?have investigated common fixed point theorems for

weakly compatible pairs for b-metric space, whereas these results on vector metric spaces have been
investigated by Rad and Altun™

THEOREM 2.1 :Let X be E-b-metric space with E-Archimedean. Suppose the mappings P,Q,R :

X —X satisfy the following conditions :

(i for all x, y € X, d(Px, Qy) < tMy(P, Q, R) Q)
wheret < s(s+1) and
Myy(P,Q,R) € {d(Rx, Ry), d(Px, Rx), d(Qy, Ry), d(Px, Ry), d(Qy, Rx) (2)

(i) P(X) v Q(X) = R(X)
(iii)  R(X) is an E-complete subspace of X.
Then {P,R} and {Q,R} have a unique point of coincidence in X. Moreover, if {P,R} and {Q,R} are
weakly compatible, then P,Q and R have a unique fixed point in X.
PROOF : Let xo be arbitrary point of X. Since P(X) = R(X) there exists x;e X such that P(xo) =
RX1 = V1.
Since Q(X) < R(X) there exists xpe X such that Q(x1) = Rxz =Y.
Continue in this manner, then there exists Xpn:1 € X such that P(Xo,) = RXon+1 = Yon+1.
there exists Xgni2€ X such that Q(Xon+1) = RXans2 = Yons2, forn =0,1,2,3....
Firstly, show that
d(Yon+1, Yone2) < Bd(y2n, Yon+1) for all n where B < 1 3)
From (1), we have :

d(Yon+1,Yonv2) = d(PXan, QXone1) < tM (P,Q,R) forn=0,1,2,3.....

X2n:X2n+1
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Since M (P,Q,R) € {d(RXZm RX2n+1)1d(PX2n1 RXZn)1 d(QX2n+11 RX2n+1)1 d(PXZn, RX2n+1)1

X2nX2n+1

d(QXzn+1,RX2n) }
= {d(Y2n, Yon+1), d(Yan+1, Yon), d(Yan+2, Yon+1), d(Yan+1, Yone1), d(Yane2, Yon)}
= {d(Yzn, Yon+1), d(Yan+1, Yon+2), d(Yan, Yon+2), }

If My, xp00, (PsQ:R) = d(Yan, Y2n+1), then clearly (3) holds.

If My, %500, (PQR) = d(Yan+1, Yan+2), then according to lemma 1.6
d(Yan+1, Yan+2) = 0, and clearly (3) holds.

Finally, suppose that M, . . (P,Q,R) =d(yzn, Yon+2),

Then, we have

d(Yzn+1, Yons2) < td(yzn,Yanv2) < ts[d(yanYan+1) + d(Yan+1,Y2n+2)]

(1-ts) d(Yan+1,Y2n+2) < tSA(Yan,Y2n+1)

J(5)
> 1—tS [ (y2n1y2n+1)]

ts
— B d(y2n1y2n+1), where B = (mj

ThUS d(yn,yn+1) S Bn d(YO’ yl)i Where B € {t’%}

Therefore for all n and p,

d(Yn,Yn+p) < s d(yn,Yne1) + $% d(Yne1,Yne2) +5° d(Yne2 Ynsa)oee. + 8°d(Yn+p-1,Ynep)
<s B"d(yo,y1) + S B d(Yo Y1) Feeevrernnnnn +s" PP d(yo,y1)

— n 1_(Sﬂ)p d
sp (—1_5 5 J (Yo.y1)

< ( sp” J d(yo.y2)

1-sp
Since E is Archimedean, then (y,) is E-Cauchy sequence. Suppose that R(X) is E-complete, there
exists a pe R(X) such that
RxXan = Yon—2E— p and RXzns1 = Yone1 —=5— p
Hence there exists a sequence (c,) in E such that ¢, 0 and d(RXzn,p) < cn,
d(RXzn+1, P) < Cns1. Since p € R(X), there exists k e X such that Rk = p. Now we prove that Qk = p
For this, consider
d(p,QK) < sd(p, PXzn) + sd(Px2n,QK)
< sCper * StMy,x(P,Q,R)
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where M, 1(P,Q,R) € {d(RXzn,Ri),d(PXzen,R¥zn), d(Qk,RK), d(Pxan, RK), d(Qk,RXz0)}
= {d(yzn, p), d(Yzn+1, Yan), d(QK, p), d(yzn+1,p), d(QK, y2n)} for all n.
There are five possibilities:
Case 1: d(p, QK) <sCn+1 + St d(Y2n,p) < SCn+1 + StCa< s(t+1) Cp.
Case 2: d(p, QK) <scn+1 + St d(Yan+1, Y2n) < SCh+1 + St [SA(Yan+1,p) +Sd(P,Y2n)]
<'SCp+1 + St[SCh+1 + SCn] < S(2St+1) Ch.
Case 3: d(p, Qk) <scn+1 + std(p,Qk)
(1 —st)d(p, QK) <scn+1
d(p, QK) < (ij -
1-st
Case 4: d(p, QK) <sCn+1 + St d(Yan+1p)
< sCp+1 + StCha1 < S(t+1) Cp.
Case 5 : d(p, Qk) <scp+1 + std(QK,y2n)
< SCns1 + St[sA(QK,p)+ sd(p,y2n)]
(1 - 5%t) d(p, QK) < sCns1 + S2td(p,Y2n)
(1-s°t) d(p, QK) < SCns1 + S°tCy

s(1+st)jC

d(p. QK) s( -
Since the infimum of the sequences on the right hand side are zero, then d(p,Qk) = 0, that is

Qk = p. Therefore Qk = Rk = p, i.e. p is a point of coincidence of mappings Q, R and k is a

coincidence point of mappings Q and R.

Now we show that Pk = p,consider

d(Pk,p) < sd(Pk, Qxan+1) + SA(QXan+1,p) < scne1+ StMy, 50 44(P,Q,R)

where My, 2n+1(P,Q, R) € {d(RK,RXzn+1),d(PK,RK), d(QXzn+1,RXzn+1), d(PK, RXzn+1),

d(Qxan+1, RK)}
= {d(p1y2n+1)1 d(Pk1 p)1 d(y2n+21 y2n+1)1 d(Pk1y2n+1 )1 d(QX2n+11p)} for a" n.
There are five possibilities:

Case 1: d(PK, p) <SCn+1 + Std(p,Yan+1) < sCnet + StCrs1 < S(t+1) Co.
Case 2: d(Pk,p) < sCn+1 + std(Pk,p)
(1-st) d(Pk, p) < scn+1

S
Pkp)<|——|C
d( lp)— (1—Stj n+l
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Case 3: d(Pk,p) < SCn+1 + Std(Yan+2, Yon+1) < SChea + St[SU(Y2n+2, P) + sd(P,Y2n+1,)]
d(PK,p) <scn+1 + St[SCn+2 + SChs1]
d(PK,p) < scrs1t S%tSCns1 < S(St+1) et
Case 4: d(PK, p) < SCn+1 + std(PK,Yan+1)
< SCns1 + St[sA(PK,p) +sd(p,Y2n+1)] < SChe1 + Std(PK,p) +5%tChe1
(1- s’t)d(Pk, p) < s(1+st) Cpe1.
d(Pk,p) < (—(Sl(f - Stt)) ]c
Case 5 : d(Pk,p) < scn+1 + std(QXan+1, P)
< scn+1 + StCne1 <S(1 + t)Chva
Since the infimum of thesequences on the right hand side are zero, then d(Pk,p) = 0, that is Pk = p.
Therefore Pk = Rk = p, i.e. p is a point of coincidence of mappings P, R and k is a coincidence point
of mappings P and R.
Now it remains to prove that p is a unique point of coincidence of pairs {P,R} and {Q,R}.
Let p' be also a point of coincidence of these three mappings, then Pk = Qk' = Rk' = p/,
for k' e X, we have,
d(p, p) = d(Pk, Qk') < tMy«(P,Q,R)
where Mg k(P,Q,R)e {d(Rk, RK"), d(Pk,Rk), d(Qk',Rk"), d(Pk, Rk"), d(Qk',Rk)}
=10, d(p.p)}
If {P,R} and {Q,R} are weakly compatible, then p is a unique common fixed point of P,Q and R.
COROLLARY 2.2 :Let X be E-b-metric space with E Archimedean. Suppose the mappingsP,R :
X —X satisfy the following conditions :
(i) for all x, y € X, d(Px, Py) < tMy,(P, R) 4)

where t < s(s +1)

Myy(P,R) € {d(Rx, Ry), d(Px, Rx), d(Py, Ry), d(Px, Ry) ,d(Py, RX)} (5)

(i) P(X) = R(X)

(iii)  R(X) is E-complete subspace of X.

Then {P,R} have a unique point of coincidence in X. Moreover, if {P, R} are weakly compatible,
then they have a unique fixed point in X.

EXAMPLIE 2.3 :Let E=R? with coordinatewise ordering defined by (x1,y1) < (x2,¥>) if and only
if X <xz2and y1 <y, X = Rand d(x, y) = ([x-y?, c[x-y|?) with ¢ > 0.

Define the mappings Px = x* +3, Rx = 2%,
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For all x, y € X, we have

d(Px, Py) = %d(RK Ry) = tMyy(P.R)

2
Moreover, P(X) =[3,» ) ¢ [0, ) =R(X).
THEOREM 2.4 :Let X be E-b-metric space with E Archimedean. Suppose the mappings P,Q,R :

1
with My, (P, R) = d(Rx, Ry) for k € {—,1)

X —X satisfy the following conditions :
(i) forall x, y € X, d(Px,Qy) < tMyy(P,Q,R) (6)

where t< and

s(s+2)

Myy(P,Q.R) e {% [d(Rx, Ry) + d(Px, RX)], % [d(Rx, Ry) + d(Px, Ry)], % [d(Rx, Ry) + d(Qy, RX)],

% [d(Rx, Ry) +d(Qy, Ry)], % [d(Px, RX) + d(Qy, Ry)], % [d(Px, Ry) +

d(Qy, RX)1} ()
(i) PX) u Q(X) = R(X)
(iii)  R(X) is an E-complete subspace of X.
Then {P,R} and {Q,R} have a unique common point of coincidence in X. Moreover, if
{P,R} and {Q,R} are weakly compatible, then they have a unique fixed point in X.
PROOF :We define the sequence {x»} and {yn} as in proof of theorem 2.1
Firstly, show that

d(Yan+1, Yan+2) < Bd(yan, Yon+1) for all n. (8)
From (6), we have :

d(Yon+1, Yan+2) = d(PXon, QXone1) <tM (P,Q,R) forn=0,1,2,3.....

X2n:X2n+1

Since

My, xpnes (Pr Qs R)e{% [d(RXzn, RXons1)+d(PXan, Rx2n)],% [d(RXzn, RXens1) + d(PXen, RXens)], %
[d(RXZm RX2n+1) +d(QX2n+11 RXZn)]1 % [d(RXZm RX2n+1) + d(QX2n+1, RX2n+1)]1

% [d(PXZm RXZn) +d(QX2n+11 RX2n+1)]1 % [d(PXZm RX2n+1) + d(QX2n+11 RXZn)]}
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= {2 [0z, Yorod) + A¥res, Yor)l, = [00n, Vo) + dlyaner, Yomer)], - [d(yon, Yomes) + QYoo
Vo)l —- [d(yan, Yorea) + Ai¥anez, Yoren)], —- [A(¥aner, Yor) + A¥nez, Yono)]
= 180001, You) + Yz, yon)T}
= {d0on, Yonea). - [(yan, Yorer)], - [0 Yonus) + AYanea, Yor)l, = [0, Yores) +
d(yanea, Yorer)], 2 [d(Yon, Yore2)T}
If My, xpn0, (PQR) = d(Yan, Y2ns1) OF % [d(y2n, Yon+1)] then clearly (8) holds.
1 My (PQR) = 2 [d(on, Yores) + A(¥onez, Yoo
Then d(yznes, Yone2) < - [d0zn, Yorea)] + - [AV2me2, Vo)

< % [d(YVan Yane1)] +% [SA(Yans2, Yane) +50(Yans1, Yon)]

st t
1- Bl d(Yane1, Yone2) < (1+5) > [d(y2n, Y2n+1)]

t| 1+s t| 1+s
d(yzm, Yamo) < 5 1_—Si [A(Yzn, Yoret)] < B [AY2n, Yores)],  where B'= 2 1_—Si
2 2

If MX2n1X2n+1(P1Q1R) :% [d(an, y2n+1)+d(y2n+21 y2n+1)]

Then d(Yans1, Yoniz) < % [d(Yzn, Yoni1)] +% [d(Yane2, Yoni1)]

t
(1—Ejd(y2n+11 Yon+2) < % [d(y2n, Yon+1)]

t t

d(Yan+1, Yont2) < Lt [d(Y2n, Yon+1)] < B"[d(y2n, Yon+1)], Where B" = Lt
1-— 1——
2 2

If MX2n1X2n+1(P’Q’R) :% [d(Y2n, Yon+2)]

Then d(Yane1, Yane2) < % [SA(Yan, Yane1) + SU(Y2ns1, Vons2)]
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st st
d(Yon+1, Yone2) < Lst [d(y2n, Yon+1)] < B" [d(Y2n, Y2n+1)],  where B = Lst .
-2 -2

Therefore  d(Yn,Yne1) < (B"™)" d(Yo Y1) (9)
By using (9), for all nand p, we have
d(Yn,Ynep) <5 d(ynYnet) + % Ad(Yne1Ynez) Foenennnnn, +5PA(Yn+p-1,Ynp)

< s (B dlyoy) + s B d¥oy) et STPEMTPEd(yo,yn)

m)\ P m\"
=s(B") (%J d(yo.y1) < [%]d(yo,yo

Since E is Archimedean, then (y,) is E-Cauchy sequence. Suppose that R(X) is E-complete, there
exists a g € R(X) such that

RXan = Yon—3E  and RXzn+1 = Yot — 255

Hence there exists a sequence (c,) in E such that ¢4 0 and d(Rxzn, ) < ¢,

d(RX2n+1,9) < cne1. Since qe R(X), there exists k € X such that Rk= g. Now we prove that Qk =g

For this, consider

d(9,QK) < sd(q, PXzn) + sd(PXzn,QK) < scns1 + StMy, 1 (P,Q,R)

where M, (P, Q,R) e {% [d(RXzn, RK) + d(PXzn, Rxgn)],% [d(Rxzn, RK) + d(PXzn, RK)],

%[d(Rxgn, RK) + d(Qk, RXgn)],%[d(RXZn, RK) + d(Qk, Rk)],%[d(PXZn, Rxzn) + d(Qk, RK)], %
[d(Pxan, RK) + d(Qk, R¥zn)]}

= {% [ d(Yan, G) + d(¥znes, Yan)], % [d(Yan, ) + d(Yanes, G)], % [d(Yan, ) + d(QK, Yan)],

% [d(Yan, q) + d(QK, q)],% [d(Yanes, Yan) + d(QK, q)],% [d(Yane1, ) + d(QK, Yan)I}
There are six possibilities:
Case 1: d(q, QK) < scne +52_t [d(Yzn, O)+d(Yzns1, Van)]

<SCp+1 + 52_t Cn"'sz—t [Sd(y2n+11q) +Sd(q’y2”)]

o St st
< sCph+1 t ? Ch+ —/— Chs1+——SCp

2 2

< s(1+;_ +st)cn
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Case 2: d(g, Qk) <sCp+1 + 52_t [d(yzn, Q)+d(Yzn+1, 9)]

< SCn+1 + 52—t Cn+ 52—t Cn+]_ < S(t+1) Cn

Case 3: d(g, QK) < SCne1 +% [d(Yzn, @)+ d(QK,y2n)]

< SCn+1 +? Cn+ St [sd(Qk,q) +sd(qYan)]

2
d(g, Qk) <sc +Ste +S—tc
1—7 n+1 5 n 2 n

1+t+s—t

d(g, QK) <s 252t2 Cn

1->=
2

Cased : d(g, QK) < scns1 + 52_t [d(y2n, 9)+d(Qk,q)]

st
(b;) d(g, QK) < scnet + 52_‘cn

1+1

d(q, Qk) =< S Cn

1St

2

Case 5: d(q, QK) < scn+1 +52—t [d(Yan+1, Y2n)+d(QK, Q)]

1_S_t d k < + S—Zt + S_Zt
2 (q1Q )_SCn+]_ 2 Ch+1 2 Cn

1+ st
d(g, Qk) < s Cn
st
1-=>
2

Case 6: d(q, QK) < scp1 +52—t [d(y2n+1,0) +d(QK, Yan)]

< st +?t Coia +— [sd(Qk,q) +sd(q,y2n)]
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2
s’t st A
_ d , k <SCh+1 +—Cpn+1 +——Cp
15 o0 Q0 st ena+
1+£+S—t
d k) < n
(q1Q )—S 52t Cy
1_7
2

Since the infimum of the sequences on the right hand side are zero, therefore d(q,Qk) = 0,
that is Qk = g. Therefore Qk = Rk = q i.e. g is a point of coincidence of mappings Q, R and Kk is a
coincidence point of mappings Q and R.
Now we show that Pk = q,

Consider, d(Pk,q) < sd(Pk, Qxzn+1) + SA(QXan+1, ) < scne1 + StMy, 5141 (P, Q, R)

where My 2n+1(P.Q R) € {% [d(RK, Rxane1) + d(PK, Rk)],% [d(RK, RXzne1) + d(PK, R¥ns1)], %
[d(RK, RXane1) + d(Q¥ons1, Rk)],% [d(RK, RXane1) + d(QXons1, R¥ons1)],

% [d(PK, RK) + d(QXzns1, Rxm)],% [d(PK, RXzn+1) + d(QXans1, RK)]}

= {2 [d(@, Yorer) + A(PK, Q)], - [0, Yarer) + d(PK, Yanen)], 2 [0, Yore) + d(¥onea, )],

% [d(d, Yon2) + d(Yanea, ym)],% [d(PK, @) + d(Yanso, yzm)],% [A(PK, Yonss) + d(Yaneo, G)T}

There are six possibilities:

Case 1: d(PK, q) < scna +% [d(Q, Yane1) + d(PK, 0)]

st
1—== |d(Pk, q) < SCre1 + 3L Cps
( 2)( » ) < SChs1 201

1+—
d(Pk, q) < s 2_ |Con

&)

Case 2: d(Pk, q) < SCns1 + Sz_t[ d(q, yan+1) + d(PK, Yon+1)]

d(PK, q) < scmer + 52_‘ Crep + 52_‘ [sd(PK, q) + sd(Q, Yzne1)]
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st

st
S U1d(PK, q) < seprat 3t ey +—— Cos
(1 ZJ( ) < sCn+1 > 1 2 1
1+£+S—t
d(Pk, q) <s| —2—2 |c,
st
1->-
2

Case 3: d(PK, q) < SCne1 +52_t[d(q, Yone1) + d(Yzns2d)] < SCne1 + 52_‘cn+1+ 52_‘cn+1

d(Pk, ) < s(1+t)Cne1

Case 4: d(Pk, q) <sCn+1 +52_t[ d(q, Yan+1) + d(Yane2, Yon+1)]

< SCn+1 +?t Cn+1 +— [ Sd(Y2n+2, Q) + sd(y2n+1 Q)]

st st

st
< SCp+r t ? Ch+1 t Ch+1t Cn+1

2 2
<s(1 +st +;_ )Cns1
Case 5 : d(Pk, q) < scner + 52_‘ [d(PK, q) + d(Yan+2, Yons1)
< SCnp + - [(F>k ]+ [Sd(an+z q) +sd(d, Yan+1)]

]__S_t d(Pk < +S_2t + S_Zt
> (PK, ) <sCn+1 > Cn+1 > Cn+1

1+st
d(Pk,g) < s ot |G

Case 6: d(Pk, q) < scns1 +52—t [d(PK, yan+1) + d(Y2n+2, 0)]
d(Pk, q) < sche +52_t [sd(PK, q) + sd(q, Yons1)] +52_t Cos1

1+£+S—t

(1__} d(Pk q)<S 2 > 2 Cn+1
1St
2
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Since the infimum of the sequences on the right hand side are zero, therefore d(Pk, g) = 0, that is Pk
= (. Therefore Pk = Rk = g, i.e. n is a point of coincidence of mappings P and R. Thus k is a
coincidence point of mappings P and R.

Now it remains to prove that g is a unique point of coincidence of pairs {P, R} and {Q, R}.

Let g' be also a point of coincidence of these three mappings, then Pk = Qk' = Tk' = ¢,

for k' e X, we have,

d(g, g) = d(Pk, Qk") < tMk (P, Q, R)
where  Myx(P, Q, R)e{% [d(Rk, RK") + d(Pk, RK)], % [d(Rk, RK) + d(Pk, RKk")],

% [d(RK, RK') + d(QK', RK)], % [d(RK, RK") + d(Qk', Rk")], % [d(Pk, RK) + d(Qk', Rk"],

% [d(Pk, RK) + d(QK', RK)]}

={0, d(9, a)}
Hence d(g, g)=0i.e.g=¢'
If {P, R} and {Q, R} are weakly compatible, then g is a unique common fixed point of P, Q and R.
3.RESULTS AND DISCUSSION
In 2016, Rad and Altun™proved some common fixed point results for three mappings on

vector metric spaces. They proved the following results:

THEOREM 3.1 :Let X be a vector metric space with E-Archimedean. Suppose the mappings
f,0,T : X —>X satisfy the following conditions :
Q) forall x, y € X, d(fx, gy) < kuyy(f, 9, T) (20)

where k € (0, 1) is a constant and
Uxy(f.9.T) € {d(Tx, Ty), d(fx, Tx), d(gy, Ty), % [d(fx, Ty) +d(gy, TX)](11)

(i) f(X) v g(X) = T(X)

(iii)  one of f(X), g(X) or T(X) isaE-complete subspace of X.

Then {f, T} and {g,T} have a unique point of coincidence in X. Moreover, if {f, T} and
{g,T} are weakly compatible, then f,g and T have a unique common fixed point in X
where k € (0, 1]. (12)
uxy(f, 9) € {d(fx, gy), d(fx, gx), d(fy, gy), d(fx, gy).d(fy, gx)} (13)

(i) f(X) = T(X)

(iii)  one of f(X) or T(X) isaE-complete subspace of X.
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Then {f, T} have a unique point of coincidence in X. Moreover, if {f, T} are weakly compatible,
then fand T have a unique common fixed point in X.

In 2017, Latpate’ proved the results for three mappings on complete metric spaces. He proved
the following result:

Let (X, d) be a complete Metric space and Let A be a nonempty closed subset of X.

Let P, Q: A—A Dbe such that

d(Px, Qy) < %[d(Rx, Qy) + d(Ry, Px) + d(Sx, Ry)] - w[d(Rx, Qy) + d(Ry, Px)] (14)

For any (X, y)eX x X, where a function y: [0, 00)>— [0, o) is continuous and y(x, y) = 0 iff x =y =
0 and R: A — Xwhich satisfies the following condition.
(i) PAcRAand QAcRA
(i)  The pair of mappings (P,R) and (Q, R) are weakly compatible.
(iii)  R(A) is closed subset of X.
Then P,R and Q have unique common fixed point.
Motivated by their results, we have proved similar results for three mappings on E-b-metric
spaces.
Further, these results can be investigated for four and six mappings on E-b-metric space.
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