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ABSTRACT

Cubic difference prime labeling of a graph is the labeling of the vertices with {0,1,2--------- p-1}
and the edges with absolute difference of the cubes of the labels of the incident vertices. The greatest
common incidence number of a vertex (gcin) of degree greater than one is defined as the greatest
common divisor of the labels of the incident edges. If the gcin of each vertex of degree greater than one
is one, then the graph admits cubic difference prime labeling. Here we identify wheel graph, gear graph,
fan graph, friendship graph, prism graph, key graph, helm graph and umbrella graph for cubic difference
prime labeling.
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1. INTRODUCTION

All graphs in this paper are simple, finite, connected and undirected. The symbol VV(G) and E(G)
denotes the vertex set and edge set of a graph G. The graph whose cardinality of the vertex set is called
the order of G, denoted by p and the cardinality of the edge set is called the size of the graph G, denoted
by g. A graph with p vertices and g edges is called a (p,q)- graph.

A graph labeling is an assignment of integers to the vertices or edges. Some basic notations and
definitions are taken from >3 “. Some basic concepts are taken from *and 2. In this paper we
investigated cube difference prime labeling of wheel graph, gear graph, fan graph, friendship graph,
prism graph, key graph, helm graph and umbrella graph.

Definition: 1.1 Let G be a graph with p vertices and g edges. The greatest common incidence number

(gcin) of a vertex of degree greater than or equal to 2, is the greatest common divisor (gcd) of the labels
of the incident edges.

2. MAIN RESULTS

Definition: 2.1 G = (V(G),E(G)) be a graph with p vertices and q edges . Define a bijection

f:V(G) - {0,1,2,3,---------------- ,p-1} by f(vi) =i—1 , for every i from 1 to p and define a 1-1 mapping
feapi * E(G) —set of natural numbers N by f4,,, (uv) = |{f(u)}3 —{ f(v)}3|The induced function f.4,,, is

said to be cubic difference prime labeling, if for each vertex of degree at least 2, the greatest common
incidence number of the labels of the incident edges is 1.

Definition: 2.2 Graph which admits cubic difference prime labeling is called a cubic difference prime
graph.

Theorem 2.1 Wheel graph' W, admits cubic difference prime labeling.

Proof: Let G =W, and let vq,vy,--=====mmmmmmmm- \Vn+1 are the vertices of G
Here [V(G)| = n+1 and |[E(G)| = 2n
Define a function f:V - {0,1,2,3,---------------- ,n} by

flvi)=i-1,i=1,2,------ ,n+1
Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling £, is defined as follows
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feapt (Viviz1) = i*-(i-1)°, i=1.2,
feapt(Vn41vi) = n-(i-1)’, i=12,
feapt (0102) = (1)’

Clearly fcgy, is an injection.

geinof (Vi) = gcd’ of {fupi (ViVisr) s frap (VisaVis2) }

= ged of { 3i%-3i+1, 3i%+3i+1}
= gcd of {6i°, 3i%-3i+1}

= ged of {3i%, 3i%-3i+1}

= ged of {3i-1, 3i%-3i+1}

=gcd of {i, 3i-1}

=gcdof {i, i-1} =1, =12,
gcin of (v1) = ged of {foap (viv2) | feap(vivn) }

= ged of {1, (n-1)%}=1.
gcin of (Vn+1) =1

So, gcin of each vertex of degree greater than one is 1.

Hence W,, admits cubic difference prime labeling.

Theorem 2.2 Gear graph® G, admits cubic difference prime labeling.

Proof: Let G =G, and let vq,vp,-----======----- \Von+1 are the vertices of G
Here |V(G)| = 2n+1 and |[E(G)| = 3n
Define a function f:V - {0,1,2,3,---------------- ,2n } by

flvi)=i-1,i=1,2,----- ,2n+1
Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling £, is defined as follows

foapt(Vivis1) = i*-(i-1)°, i=12
foapt(V2ns1V21) = (2n)*-(2i-1)°, i=12
fc*dpl(v1172n) = (2n'1)31

Clearly fcgp, is an injection.
gcin of (Vi+1) = 1, i=1,2,
gcin of (v1) = ged of {foapi (viv2) + feapi(V1v2n) }

,2n-1
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= ged of {1, (2n-1)*}=1
gcin of (Von+1) = 1L
So, gcin of each vertex of degree greater than one is 1.

Hence G, admits cubic difference prime labeling. [

Theorem 2.3 Fan graph* F, admits cubic difference prime labeling.

Proof: Let G =F, and let vy,vy,------=-==-=---- \Vn+1 are the vertices of G
Here |V(G)| = n+l and |E(G)| = 2n-1
Define a function f:V - {0,1,2,3,---------------- ,n} by

flvi)=i-1,i=1,2,----- n+1
Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling £, is defined as follows

feapt (VivViz1) = P-(i-1)}, T By J—— n
feapt (Vns1v) = (n)%-(i-1)}, T N —— n-1
Clearly fcyyp, is an injection.

gein of (Vis1) =1, T By — n-1
gcin of (v1) = 1

gcin of (Vn+1) = 1.

So, gcin of each vertex of degree greater than one is 1.

Hence F,, admits cubic difference prime labeling. |

Theorem 2.4 Prism graph® Y, admits cubic difference prime labeling.

Proof: Let G =Y, and let vy,vp,------=-==------ Vo, are the vertices of G
Here |[V(G)| = 2n and |E(G)| = 3n
Define a function f:V - {0,1,2,3,---------------- ,2n-1} by

f(vi)=i-1,i=1,2,------ 2N
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f,,, is defined as follows
foam (Vivisr) = -(i-1)°, i = 1,2, 2n-1

fc*dpl(viv2n+i—1) = (Zn'i)g'(i'l)a, [ B — n-1
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fc*dpl(vlvn) = (n'1)31
(2n-1)3- n’.

fc*dpl (Vn+1V2n)

Clearly fcqyp, is an injection.

gein of (Vis1) =1, T By — 2n-2
gcin of (v1) = 1L
gcin of (vzn) = gcd of {fcupi (Van-1V2n) s foapi (V1van) }

= ged of {12n?-18n+7, (2n-1)*}

= ged of {12n?-18n+7, (2n-1)}

=gcd of {(2n-1(6n-6)+1, (2n-1)}=1
So, gcin of each vertex of degree greater than one is 1.

Hence Y/, admits cubic difference prime labeling. |

Theorem 2.5 Friendship graph® F, admits cubic difference prime labeling.

Proof: Let G =F, and let u,vy,vy,---------------- Vo are the vertices of G
Here |V(G)| = 2n+1 and |[E(G)| = 3n
Define a function f:V - {0,1,2,3,---------------- ,2n } by
flvi)=i,i=12,---—--- ,2Nn
f(u) =0.

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling £, is defined as follows

fc*dpl(u Vpi-1) = (2i'1)3, [ B — n
feapt (U v2;) = 8i°, T By S —— n
feapt (V2i-1V2i) = 12%-6i+1, T By S — n

Clearly fcyyp, is an injection.
gcin of (vzi1) = ged of {fcupi (U v2i-1) s feapt(V2i-1v2:) }

= ged of { (2i-1)°, 12i%-6i+1}

=gcd of {2i-1 ,6i(2i-1)+1}

=1, =12, n
gcin of (v2i) = gcd of {feap (U v21) | feapi (V2i-1V2:i) }

= ged of { (2i)°, 12i%-6i+1}
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gcd of {21, 2i(6i-3)+1}

= 1, =12,
gcin of (u) =1
So, gcin of each vertex of degree greater than one is 1.

Hence F,, admits cubic difference prime labeling.

Theorem 2.6 Umbrella graph® U(n,m) admits cubic difference prime labeling.

Proof: Let G =U(n,m) and let u,v1,vz,---------------- Vm+n-1 are the vertices of G
Here |V(G)| = m+n and |[E(G)| = 2n+m-2
Define a function f:V - {0,1,2,3,---------------- ,m+n-1} by
f(vi)=1,i1=1,2------ ,m+n-1
f(u) = 0.

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling £, is defined as follows

feapi (u v;) = i=12,
feapt (U V1) = (n+1)%,

fc*dpl(vivi+1) = 3iP+3i+1, i=1,2,
féapt Wn+iVnsiva) = (n+i+1)*- (n+i)’, i=12,

Clearly fcgyp, is an injection.
gcin of (vn) = ged of {foapt (Vn-1vn) \ flapi(u ) }
= gcd of { 3n%-3n+1,n°}
= gcd of {n ,n(3n-3)+1}
=1,
gcd of {f2api (Vns1Vn+2) + feapt (U Vns1) }
= ged of { 3n%+9n+7, (n+1)*}
=gcd of {n+1, (n+1)(3n+6))+1}

gcin of (Vn+1)

gcin of (Vi+1) =1, i=1,2,
gcin of (Vn+i+1) =1, i=1,2,
gcin of (v,) =1
gcin of (u) =1
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So, gcin of each vertex of degree greater than one is 1.

Hence U(n,m), admits cubic difference prime labeling. |

Theorem 2.7 Helm graph® H, admits cubic difference prime labeling.

Proof: Let G =H, and let vq,vp,-----=-====----- \Von+1 are the vertices of G
Here |V(G)| = 2n+1 and |[E(G)| = 3n
Define a function f:V - {0,1,2,3,---------------- ,2n } by

flvi)=i-1,i=1,2,----- ,2n+1
Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling £, is defined as follows

feapt(Vivis1) = i*-(i-1)°, TR S n
feapt (V1) = n*-(i-1)}, R n-1
feapt(ViVn+it1) = (n+i)*-(i-1)°, T By J—— n
feapt (V1) = (n-1)°

Clearly fcyyp, is an injection.

gein of (Vis1) =1, T By — n-1
gcin of (v1) = 1

gcin of (Vn+1) = 1.

So, gcin of each vertex of degree greater than one is 1.

Hence H,, admits cubic difference prime labeling. |

Theorem 2.8 Key graph® K(n,m) admits cubic difference prime labeling.

Proof: Let G =K(n,m) and let vy,v,---------------- ,Vn+2m-2 are the vertices of G
Here |V(G)| = n+2m-2 and |E(G)| = n+2m-2
Define a function f:V - {0,1,2,3,---------------- ,n+2m-3 } by

f(vi) =i-1,i=1,2,------,n+2m-2
Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling £, is defined as follows

feapi(Vivis1) = i*-(i-1)°, g Iy J— m+n-1
fc*dpl(vn+ivn+2m—i—1) = (n+2m-i-2)3-(n+i-1)3, i=12--mm-- ,m-2
feapt(v1vy) = (n-1)°
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Clearly fcyyp, is an injection.

gcin of (Vi+1) = 1, 1=1,2,------------ ,m+n-2
gcin of (v1) = 1

So, gcin of each vertex of degree greater than one is 1.

Hence K(n,m), admits cubic difference prime labeling. ]
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