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ABSTRACT 
In this paper, we prove unique common fixed point theorem for pairs of weakly compatible 

mapping in digital metric space. Our results extend and improve many known results in the 

literature. In order to validate our establish theorem and corollaries we provide an example. 
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1. INTRODUCTION 
Rosenfield11 become the first to take into account digital topology as a tool to study digital 

images. Boxer1 produced the digital versions of the topological principles and later studied digital 

continuous functions. Ege and Karaca3 set up relative and reduced Lefschetz fixed point theorem for 

digital images and proposed the notion of a digital metric space and proved the well-known Banach 

Contraction Principle for digital images. Digital metric space is one of the generalizations of metric 

space and digital topology. Digital topology is a developing area of general topology and functional 

analysis which studies feature of 2D and 3D digital image. Digital topology is the study of the 

topological properties of images arrays. The digital version of the topological concept was given by 

L. Boxer 1, 2. 

Fixed point theory ends in masses of packages in mathematics, computer technological, 

engineering, game concept, fuzzy principle, image processing and so on. In metric areas, this theory 

starts with the Banach fixed-point theorem which gives a optimistic technique of locating constant 

factors and an crucial device for solution of some issues in mathematics and engineering and 

consequently has been generalized in lots of methods. A foremost shift inside the area of fixed point 

idea got here in 1976, when Jungck 7, 8, 9, defined the idea of commutative and compatible maps and 

proved the common fixed point results for such maps. Later on, Sessa15 gave the idea of weakly 

compatible, and proved results for set valued maps. Certain altercations of commutativity and 

compatibility can also be found in 5 7 15 16. In this paper we establish a unique common fixed point 

theorem satisfying the pairs of weakly compatible mappings in the context of digital metric space. 

An example is given in the support of our main result. 

2. DEFINITIONS AND PRELIMINIERIES 
Definition 2.1. [6] For a digital metric space (푋,푑,휌), if a sequence {푥 } ⊂ 푋 ⊂ ℤ  is a Cauchy 

sequence, there is 푀 ∈ ℕ such that for all 푛,푚 > 푀, 푤푒	ℎ푎푣푒	푥 = 푥 . 

Definition 2.2. [6] A sequence {푥 } of points of a digital metric space (푋, 푑, 휌) converges to a limit 

퐿 ∈ 푋 if for all ∈> 0,	there is 푀 ∈ ℕ such that  

푑(푥 ,퐿) < 휖	푓표푟	푎푙푙	푛 > 푀. 

Definition 2.3. [6]   A sequence {푥 } of points of a digital metric space (푋, 푑, 휌) converges to a limit 

퐿 ∈ 푋 if for all ∈> 0,	there is 푀 ∈ ℕ such that  

푥 = 퐿	푓표푟	푎푙푙	푛 > 푀. 푖. 푒., 푥 = 푥 = 푥 = ⋯ = 퐿	 

Definition 2.4. [4]   A digital metric space (푋,푑,휌) is complete if any Cauchy sequence {푥 } 

converges to a point 퐿 of	(푋,푑,휌). 

Definition 2.5. [6]   A digital metric space (푋,푑,휌) is complete.  
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Definition 2.6. [4] Let (푋, 푑, 휌) be a digital metric space and 푇:	(푋, 푑, 휌) → (푋, 푑,휌) be a self-map. 

If there exists 휆 ∈ [0,1) such that 

푑(푇푥,푇푦) ≤ 휆푑(푥, 푦)	푓표푟	푎푙푙	푥,푦 ∈ 푋, 

Definition 2.7. [5] Let 푋 ⊆ 푍  and (푋,푑,휌) be a digital metric space. Then there does not exist a 

sequence {푥 } of distinct elements in 푋, such that  

푑(푥 , 푥 ) < 푑(푥 ,푥 )						푓표푟	푚 = 1,2,3, … 

Proposition 2.8. [6] Every digital contraction map 푇:	(푋, 푑,휌) → (푋,푑,휌) is digitally continuous.  

Definition 2.9. [4] Suppose that (푋, 푑,휌) is a digital metric space and 푃 ,푄:푋 → 푋, and be two self-

maps defined on 푋. then 푃	푎푛푑	푄 are compatible if  

푑(푃푄푥,푄푝푥) ≤ 푑(푃푥,푄푥)	푓표푟	푎푙푙		푥 ∈ 푋. 

Definition 2.10. [4] Suppose that (푋, 푑,휌) is a digital metric space and 푃,푄:푋 → 푋, and be two self-

maps defined on 푋. then 푃	푎푛푑	푄 are weakly compatible if  

푑(푃푄푥,푄푝푥) = 푑(푃푥,푄푥) 

Whenever x is a coincidence point of  푃	푎푛푑	푄.  

Definition 2.11. [4] Two maps 푃 and 푄 are said to be weakly compatible if they commute at 

coincidence points. 

3. MAIN RESULT  
Now we prove a unique common fixed point theorem for pairs of weakly compatible 

mappings in digital metric space. 

THEOREM 3.1. Let (푋,푑,휌) is a complete digital metric space, let 푁 be a nonempty closed subset 

of	푋. Let 푃,푄 ∶ 푁 → 푁 and 퐺,퐻 ∶ 푁 → 푋 be mappings satisfying 푄(푁) ⊂ 퐻(푁) and for every 

푥, 푦 ∈ 푋, 

Ψ 푑(푃푥,푄푦) ≤ 휑 푑 , (푥, 푦) −
1
2Ψ 푑 , (푥, 푦) −휑 푑 , (푥,푦) 																							(1) 

Where Ψ: [0,∞) → [0,∞) is a continuous function such that Ψ(ρ) = 0 if and only if 휌 = 0. 

휑: [0,∞) → [0,∞) is a lower semi-continuous function such that Ψ(ρ) = 0 if and only if 휌 = 0, and  

푑 , (푥, 푦) = max (퐺푥,퐻푦), (퐺푥,푃푥), (퐻푦,푄푦),
1
2

(퐺푥,푄푦) + (퐻푦,푃푥) 																								(2) 

If one of 푃(푁),푄(푁),퐺(푁),퐻푁 is a closed subset of 푋, then {푃,퐺} and {푄,퐻} have a unique point 

of coincidence in	푋. Moreover, if {푃,퐺} and {푄,퐻} are weakly compatible, then 푃,푄,퐺 and 퐻 have 

a unique common fixed point in 푋.  

Proof. Let 푥  be an arbitrary point in 푋. Since 푄(푁) ⊂ 퐺(푁) and	푃(푁) ⊂ 퐻(푁), we can define the 

sequences {푥 } and {푦 } in 푋 by 

푦 = 푃 = 퐻 ,			푦 = 푄 = 퐺 ,																			푛 = 1,2,3,4, … … 
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Suppose that 푦 = 푦  for some 푛 . then the sequence {푦 } is constant for 푛 ≥ 푛 . Indeed, let 

푛 = 2푘. Then 푦 = 푦  and it follows from (1) that 

  Ψ (푦 , 푦 ) = Ψ(푃푥 ,푄푥 , ) 

≤ Ψ 푑 , (푥 , 푥 ) − 휑 푑 , (푥 , 푥 ) ,																																																		(3) 

Where  

푑 , (푥 ,푥 )	 

= 푚푎푥{(푦 ,푦 ), (푦 ,푃푥 , ), (푦 ,푄푥 ),
1
2 ((푦 ,푄푥 ) + (푦 ,푃푥 ))}		 

= 푚푎푥{0,0, (푦 , 푦 ),
1
2 ((푦 , 푦 ) + 0)} 

= 푚푎푥{(푦 ,푦 ),
1
2 ((푦 , 푦 )}	 

(푦 ,푦 ). 

By (3), we get 

Ψ(푦 , 푦 ) ≤ Ψ(푦 , 푦 )− 휑(푦 ,푦 ), 

And so 휑(푦 , 푦 ) ≤ 0 and 푦 = 푦 . 

Similarly, if 푛 = 2푘 + 1, then one easily obtains that  푦 = 푦  and the sequence{푦 } is 

constant. Therefore, {푃,퐺} and {푄,퐻} have a point of coincidence in 푋.  

Now, suppose that (푦 , 푦 ) > 0 for each 푛. we shall show that for each 푛 = 0,1,2,3,4, …, 

(푦 ,푦 ) ≤ 푑 , (푥 ,푥 ) = (푦 , 푦 )																																																				(4) 

Using (4), we obtain that  

Ψ(푦 ,푦 ) = Ψ(푃 ,푄 )  

≤ Ψ(푑 , (푥 , 푥 )) 	− 휑(푑 , (푥 ,푥 ))																																																																	(5) 

< Ψ(푑 , (푥 , 푥 )). 

On the other hand, the control function Ψ is no decreasing. Then  

Ψ(푦 , 푦 ) ≤ 푑 , (푥 ,푥 ) 																																																																															(6) 

Moreover, we have 

           푑 , (푥 ,푥 )	   

= 푚푎푥 (푦 ,푦 ), (푦 ,푃푥 , ), (푦 ,푄푥 ),
1
2

(푦 ,푄푥 ) + (푦 ,푃푥 ) 		 

= max (푦 , 푦 ), (푦 , 푦 ), (푦 ,푦 ),
1
2

(푦 , 푦 )  

≤ max (푦 , 푦 ), (푦 ,푦 ),
1
2

(푦 ,푦 ) + (푦 , 푦 ) 	 

≤ max{(푦 , 푦 ), (푦 ,푦 )} 
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If (푦 , 푦 ) ≥ (푦 , 푦 ), then by using the last inequality and (5), we have 

푑 , (푥 ,푥 ) = (푦 , 푦 ) and (6) implies that 

Ψ(푦 ,푦 ) = Ψ 푑 , (푃푥 ,푄푥 )  

≤ Ψ(푦 , 푦 ) − 휑(푦 , 푦 ) 

This is only possible when 휑(푦 , 푦 ) = 0. it is contradiction. Hence 

 (푦 , 푦 ) ≤ (푦 , 푦 ), and 푑 , (푥 , 푥 ) ≤ (푦 , 푦 ). in a similar way, one can 

obtain that  

  (푦 ,푦 ) ≤ 푑 , (푥 ,푥 ) = (푦 , 푦 )	. 

So (6) holds for each 푛 ∈ 푁.  

It follows that the sequence {푑(푦 ,푦 )} is nondecreasing and the limit  

lim
→

(푦 ,푦 ) = lim
→

푑 , (푥 ,푥 ) 

exists. We denote this limit by 푙∗. we have 푙∗ ≥ 0. suppose that 푙∗ > 0. Then  

                            Ψ(푦 , 푦 ) ≤ Ψ 푑 , (푥 ,푥 ) −휑 푑 , (푥 ,푥 ) .   

Passing to the (upper) limit when 푛 → ∞, we get 

Ψ(푙∗) ≤ Ψ(푙∗)− lim
→

inf휑 푑 , (푥 ,푥 ) ≤ Ψ(푙∗)− 휑(푙∗),												(7) 

i.e., 휑(푙∗) ≤ 0. using the properties of control functions, we get that 푙∗ = 0, which is a contradiction. 

Hence we have lim → (푦 ,푦 ) = 0. Now we show that {푦 } is a Cauchy sequence in 푋. It is 

enough to prove that {푦 } is a Cauchy sequence. Suppose the contrary. Then, for some ∈> 0, there 

exist subsequence 푦 ( )  and 푦 ( )  of {푦 } such that 푛(푘) is the smallest index satisfying 

                                                푛(푘) > 푚(푘) and 푦 ( ),	푦 ( ) ≥ 휖.  

In particular, 푦 ( ) , 푦 ( ) < 휖. Using the triangle inequality and the known relation |푑(푥, 푧 −

푑(푥, 푧)| ≤ 푑(푥, 푧), we obtain that  

 lim → (푦 ( ),푦 ( )) = lim
→

푦 ( ),푦 ( ) = lim
→

푦 ( ) , 푦 ( )  

= lim
→

푦 ( ) ,푦 ( ) = 휖.																																														(8) 

By using the previous limits, we get that  

lim
→

푑 , 푥 ( ),푥 ( ) = 휖. 

Indeed,  

푑 , 푥 ( ),푥 ( )  
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max 푦 ( ), 푦 ( ) , 푦 ( ),푦 ( ) , 푦 ( ) , 푦 ( ) ,
1
2 (푦 ( ),푦 ( ))

+ (푦 ( ),푦 ( ) ))  

→ 푚푎푥{휖, 0,0,
1
2 (휖 + 휖)} = 휖. 

Applying (7), we obtain  

Ψ 푦 ( ) , 푦 ( ) = Ψ 푃 ( ),푄 ( )  

≤ Ψ(푑 , 푥 ( ),푥 ( ) ) −휑(푑 , 푥 ( ), 푥 ( ) ) .	 

Passing to the limit 푘 → ∞,	we obtain that Ψ(ϵ) ≤ Ψ(ϵ) −휑(휖), which is contradiction. 

Therefore, {푦 } is a Cauchy sequence in the complete metric (푋, 푑).	so there exists 푢 ∈ 푋 such that 

lim
→
푦 = 푢. 

To prove the uniqueness property of 푢, suppose that 푢  is another point of coincidence of  퐺 and 푃, 

that is  

푢 = 퐺푣 = 푃푣 																																																															(9) 

For some 푣 ∈ 푁.퐵푦	(4),	we have  

Ψ(푢 , u) = Ψ(P푣 , Qu) ≤ Ψ 푑 , (푣 , u) −휑 푑 , (푣 , u)  

Where  

푑 , (푣 , u) = max (푢 ,푢), 0,0,
1
2 푑 , (푣 ,푢) − 휑 푑 , (푣 ,푢)  

It follows from (9) that 푢 = 푢. 

Therefore, 푢 is the unique point of coincidence of {푃,퐺} and {푄,퐻}. 

Now, if {푃,퐺} and {푄,퐻} are weakly compatible, then by (8) and (9), we have  

푃푢 = 푃(퐺푣) = 퐺(푃푣) = 퐺푢 = 푤  and 푄푢 = 푄(퐻푢) = 퐻(푄푢) = 퐻푢 = 푤 . by (4), we have  

Ψ(푤 ,푤 ) = Ψ(Pu, Qu) ≤ Ψ 푑 , (u, u) − 휑 푑 , (u, u) , 

Where  

푑 , (u, u) = max (푤 ,푤 ), 0,0,
1
2

(푤 ,푤 ) + (푤 ,푤 )  

It follows that 푤 = 푤 , that is,  

푃푢 = 퐺푢 = 푄푢 = 퐻푢 .																																																	(10) 

By (4) and (10), we have  

Ψ(Pu, Qu) ≤ Ψ 푑 , (u, u) − 휑 푑 , (u, u) , 

Where  
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푑 , (u, u) = max (퐺푣,퐻푢), (퐺푣,푃푣), (퐻푢,푄푢),
1
2

(퐺푣,푄푢) + (푃푣,푄푢)  

(푃푣,푄푢). 

Therefore, we deduce that 푃푣 = 푄푢, that is, 푢 = 푄푢. It follows from (10) that  

푢 = 푃푢 = 퐺푢 = 푄푢 = 퐻푢 . 

Then 푢 is the unique common fixed point of 푃,퐺,퐻 and 푄.  

Example 3.1. Let (푋, 푑, 휌)	is a complete digital metric space, let 푋 = [4, 40] and d be the usual 

metric on 푋. Define 푃,푄,퐺,퐻:푋 → 푋 as follows: 푃푋 = 4	푓표푟	푒푎푐ℎ	푋; 

퐺푋 = 푋	푖푓	푥 ≤ 16,푎푛푑	         퐺푋 = 16	푖푓	16 < 푥 < 22,    	퐺푋 = 	푖푓	16 ≤ 푥 ≤ 

퐻푋 = 4	푖푓	푥 = 4	표푟	12	푎푛푑   퐺푋 = 	푖푓	푥 > 25;   25				퐻푋 = 17 + 푋	푖푓	13 ≤ 푥 ≤ 14 

푄푋 = 4	푖푓푥 < 8	표푟	푥 > 12,		   퐻푋 = 24 + 푋	푖푓	4 < 푥 < 8,		 푄푋 = 4 + 푥	푖푓	14 ≤ 푥 ≤ 15. 

퐻푋 = 16	푖푓	13 ≤ 푥 ≤ 14; 

Then 푃,푄,퐺	푎푛푑	퐻 satisfy all the conditions of the above theorem and have a unique 

common fixed point 푥 = 4. being compatible mappings, all 푃,푄,퐺	푎푛푑	퐻 are weakly compatible 

mappings.  

Corollary. 3.2. Let 푃	푎푛푑	푄 be weakly mappings of a complete digital metric space (푋, 푑,휌) into 

itself. Suppose 푃(푋) ⊂ 푄(푋). if there exists 훼 ∈ (0,1) and a positive integer k such that 푑 푃 (푥),

푃 (푦) ≤ 훼푑(푄(푥),푄(푦)) for all 푥 and 푦 in 푋,	then 푃 and 푄 have a unique common fixed point.  

REFERENCES 

1. Boxer, L. Properties of Digital Homotopy. Journal of Mathematical Imaging and vision, 

2005; 22: 19-26,  

2. Boxer, L. Continuous Maps on Digital Simple Closed Curves. Applied Ma-thematics, 2010; 

1: 377-386. 

3. Ege, O. and Karaca, I. Lefschetz Fixed Point Theorem for Digital Images. Fixed Point 

Theory and Applications, 2013; 13. 

4. Ege, O. and Karaca, I. Banach fixed point theorem for digital images, J. Nonlinear Sci. Appl., 

2015; 8: 237-245.  

5. Fisher, B. and Sessa, S.,Common fixed points of two pairs of weakly commuting 

mappings,Univ. of Novisad, Math. Ser., 1986; 16: 45-59,  

6. Han, S.E. Banach fixed point theorem from the viewpoint of digital topology, J. Nonlinear 

Sci. Appl., 2015; 9: 895-905.  

7. Jungck G, Commuting mappings and fixed point, Amer. Math. Monthly, 1976; 83: 261- 263. 

8. Jungck, G., Compatible mappings and common fixed points  ibid, 11(2): 285-288.  



Sharad Kumar Barve et al., IJSRR 2019, 8(1), 2114-2121 

IJSRR, 8(1) Jan. – Mar., 2019                                                                                                         Page 2121 
 

9. Jungck G, Murthy PP, Cho, YJ, Compatible mappings of type (A) and common fixed points, 

Math. Japon., 1993; 38: 381 – 390. 

10. Kabir, Q. A., Mohammad, M., Jamal, R. and Bhardwaj, R.  ‘Unique fixed points and 

mappings in hyper convex metric spaces’, International Journal of Mathematics and its 

Applications, 2017; 5(3): 171-177. 

11. Rosenfeld, A. Digital Topology. The American Mathematical. Monthly, 1979; 86: 621-630. 

12. Rosenfeld, A. Continuous functions on digital pictures, Pattern Recognition Letters, 1986; 4: 

177- 184.  

13. Rhoades, B. E and Sessa, S., Common fixed point theorems for three mappings under a weak 

commutativity condition, Indian. J. Pure. Appl. Math., 1986; 17: 47-57.  

14. Sridevi, K., Kameswari., M. V. R.  And Kiran, D. M. K. Fixed point theorems for digital 

contractive type mappings in digital metric space, International Journal of Mathematics 

Trends and Technology (IJMTT) –August, 2017; 48(3)159-167. 

15. Sessa, S., Mukherjee, R. N. and Som, T., A common fixed point theorem for weakly 

commuting mappings, Math. Japonica, 1986; 31: 235-245.  

16. Sessa, S., and Fisher, B., Common fixed points of weakly commuting mappings, Bull. Acad. 

Polon. Sci. Ser. Sci. Math., 1987; 35: 341-349.  

17. Sessa, S., On a weak commutativity condition of mappings in fixed point consideration,Publ. 

Inst. Math. Soc., 1982; 32:149-153.  


