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ABSTRACT

Let G = (V,E) be aconnected graph of order n. AsetS € V (G) is called an open geodetic
dominating set of G if S is both open geodetic set and dominating set of G. The minimum cardinality
of an open geodetic dominating set of G is called the open geodetic domination number of G and is
denoted by y,4(G). An open geodetic dominating set of minimum cardinality is called y,4- set of G.
An open geodetic dominating set S in a connected graph G is called a minimal open geodetic
dominating set of G if no proper subset of S is an open geodetic dominating set of G.The maximum
cardinality of a minimalopen geodetic domination set of G is the upper open geodetic domination
number of G and is denoted byy,;(G). A minimal open geodetic dominating set of cardinality
Yoy (G)is called ay,;- set of G. The upper open geodetic dominating number of certain classes of
graph are determined. Some general properties satisfied by this concept are studied. For any positive

integers a and b with 2 < a < b, there exists a connected graph G with y,4(G) = a andy;,(G) = b.
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INTRODUCTION

By a graph G = (V,E), we mean a finite, undirected connected graph without loops or
multiple edges. The order and size of G are denoted by n and m respectively. For basic graph
theoretic terminology, we refer to Harary™. The distanced(u, v) between two vertices u and v in a
connected graph G is the length of a shortestu — v path in G. Anu — v path of length d(u, v) is
called an u — vgeodesic. A vertex x is said to lie on a u — v geodesic P if x is a vertex of P
including the verticesu and v. The closed interval consists of x,y and all vertices lying on some
x — y geodesic of G*. For a non-empty set S S V (G), the set I[S] = Uy yes I[x, y] is the closure of
S.AsetS € V (G)iscalled a geodetic set if I[S] = V (G). Thus every vertex of G is contained in a
geodesicjoining some pair of vertices in S.The minimum cardinality of a geodetic set of G is called
the geodetic number of G and is denoted by g(G). A geodetic set of minimum cardinality is called g-
set of G2456, N (v) = {u € V (G) : uv € E(G)}is called the neighborhood of the vertex v in G.
A vertex vis anextreme vertex of a graph G if <N (v)> is complete. A set of vertices D in a graph
G is a dominating set if each vertex of G is dominated by some vertex of D. The domination number
y(G) of G is the minimum cardinality of a dominating set of G37. If e = {u,v}is an edge of a
graph G with d(u) = 1and d(v) > 1, then we call e a pendent edge, u a leaf and v a support
vertex. Let L(G) be the set of all leaves of a graph G. For any connected graph G, a vertex v €
V (G) is called a cut vertex of Gif V. — v is no longer connected. A set of vertices S in Gis called a
geodetic dominating set if S is both a geodetic set and a dominating set. The minimum cardinality of
a geodetic dominating set of G is its geodetic domination number and is denoted by y,(G). A
geodetic dominating set of sizey,(G) is said to be a y,-set of G%12. A set S of vertices of a connected
graph G is an open geodetic set if for each vertex v in G either v is an extreme vertex of G and
v € S orvis an internal vertex of a x — y geodesic for some x,y € S. An open geodetic set of
minimum cardinality is a minimum open geodetic set and this cardinality is the open geodetic
number and is denoted by 0g(G)**.A SetS < V (G)is called an open geodetic dominating set of a
connected graph G if S is both open geodetic set and dominating set of G. The minimum cardinality
of an open geodetic dominating set of G is called open geodetic domination number of G and is
denoted by y,,(G)™. An open geodetic dominating set of minimum cardinality is called y,,-set of
G.For a cut vertex v in a connected graph G and the component H of G — v, the subgraph H and the
vertex v together with all edges joining v to V(H) is called a branch of G at v. The middle graph of
agraph G = (V,E)is the graphM (G) = (V U E,E"), Whereuv € E’if and only if either uis a
vertex of G and v is an edge of G containing u, or u and v are edges in G having a vertex in common.

The following theorem is used in sequel.
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Theorem1.1[13]. Let G be a connected graph of order n. Then

i.  every open geodetic dominating set of a graph G contains its extreme vertices.
ii.  everyend vertex belongs to every open geodetic dominating set of G.
iii.  if theset S of extreme vertices of G is a open geodetic dominating set of G, then S is

theunique minimum open geodetic dominating set of Gandy,4(G) = |S|.

THE UPPER OPEN GEODETIC DOMINATION NUMBER OF A GRAPH

Definition2.1. An open geodetic dominating set S in a connected graph Gis called a minimal open
geodetic dominating set of G if no proper subset of S is an open geodetic dominating set of G. The
maximum cardinality of a minimal open geodetic dominating set of G is the upper open geodetic set
domination number of G and is denoted by y,,(G). A minimal open geodetic dominating set of
cardinality y,, (G) is called a y,y- set of G.

Example2.2. For the graph G given in Figure 1, S;={vy,v,, v3,v¢, vo}and S,= {vy, v, V3, Vs,
vy, Vg}are open geodetic dominating sets of G. It is clear that no proper subsets of S; and S, are open
geodetic dominating set of G and so S;and S, are minimal open geodetic dominating sets of G.
Hence y,4(G) =5 and 5 (G) = 6. It is clear that there is no minimal open geodetic dominating set

of cardinality greater than 6. Therefore

(%)
1 - —o o—o
Uy Vg Ve U7 Vg Vg
IJ3 G
Figure 1

A graph with ¥, (G) = 6
Yoy (G) = 6.
Theorem?2.3. Let G be a connected graph of order n. Then
(i) every minimal open geodetic dominating set of a graph G contains its extreme vertices. (ii) every
end vertex belongs to every minimal open geodetic dominating set of G.
(iii) ifG has the unique minimal open geodetic dominating set,then y,,(G)=y,5(G).
Proof. (i) Since every minimal open geodetic dominating set of connected graph G is a open geodetic
dominating set of G, by Theorem 1.1, (i)and (ii) follows immediately.
(iif)Let S be unique minimal open geodetic dominating set of a connected graph G. Then it is clear
that ¥,4(G) = | S|and y,5(G) = [ S| Hence y,4(G) = vy (G).
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Theorem 2.4. For the complete graph G = K, y55(G) =n.

Proof. Since every vertex of G is an extreme vertex, then by Theorem 2.3(i) y,; (G) = n.
Theorem 2.5. If a connected graph G has m extreme vertices, then y,4(G) = m.

Proof. As every minimal open geodetic dominating set of a connected graph G contains its extreme

vertices, by Theorem 2.3(i)y,5(G) = m.

Theorem?2.6. Let M(G) be the middle graph of a connected graph G of order n.

Then 1,0 (M(G)) = ¥i, (M(G)) = n.

Proof. Let M (G) be the middle graph of a connected graph G of order n. Then it is

clear that set of extreme vertices of M(G) is V(G). It is easily verified that V (G) is

the unique minimal open geodetic dominating set of M (G). Therefore, by Theorem

2.3(ii1)yog (M(G)) = voq(M(G)) = n.

Theorem2.7. Let G be a connected graph of order n, 2 < y,4(G) < ¥55(G) < n.

Proof. Since every open geodetic dominating set needs at least two vertices, Therefore

Yog(G) = 2. Since every minimal open geodetic dominating set is a open geodeticdominating set of

G, Yog(G) < Voy(G). Also since the set of all vertices of G is an open

geodetic dominating set of Gy, (G) < n. Hence2 < y,,(G) < ¥,5(G) < n.m

Remark 2.8. The bounds in Theorem 2.7 are sharp. For the path G = P,, y,4(G) = 2. For the star G
=Kin-1,Yog(G) = ¥oyq(G) =n — 1. For the complete graph, G = K;,,¥,4(G) =¥oq(G) = n. Also the
bounds in Theorem 2.7 are strict. For the graph G given in Figure 2, y,,(G) = 7,v,,(G) = 8 and
n = 11L.Thus2 < y,4(G) < y54(G) < n.

v
2 Vo
1%t —@ —@ V11
A Vs Vg V7 Vg
U3
G V1o
Figure 2

Theorem 2.9. For the connected graph Gy,,(G) = 2ifand only if y55(G) = 2.
Proof.Ify,;(G) = 2, then by Theorem 2.7, y,,(G) = 2 . Conversely, let y,,(G) =2. Then G

contains two extreme vertices u and v such that S = {u, v}is the uniqueminimum y,,-set of G.
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Since S is subset of every open geodetic dominating set itfollows that S = {u, v} is the unique

minimal open geodetic dominating set of G, sothaty,;(G) =2.m

Theorem 2.10. Let G be a connected graph of order n.Ify,,(G¢) = n, ifand only if

Yog(G) = n.

Proof. Ify,,(G) = n, then by Theorem 2.7, y,;;,(G) = n. Conversely, let y;5,(G) = n. Then
S = V (@) is the unique minimal open geodetic dominating set of G. Henceit follows that S is the
unique minimum open geodetic dominating set of G, so thaty,,(G) = n. =

Theorem 2.11. Let G be a connected graph of order n. If y,,(G) = n— 1, theny;,(G) = n— 1.

Proof. Lety,,(G) = n— 1.Then by Theorem 2.7, y;5(G) = norn — 1. Ify;5(G) = n, then by
Theorem 2.10, ,4(G) = n, Which is a contradiction. Therefore y;3(G) = n — 1.

Theorem 2.12. For the complete Bipartite graph G = K,,, ,, with2 < m < n,y5(G) = 4.

Proof. Let G = K, ,.LetX = {uy, u,, ..., uy and Y = {vy, v,, ..., v, } be the partitesets of G. Let S =
{u;, uj,v,,v5}. Then S is a minimal open geodetic dominating setof G and so y,5(G) = 4. We show
that y55(G) = 4. If not, lety,;(G) = 5. Then thereexists a minimal open geodetic dominating set
S’such that | S'| = 5. If S’ X,then S’is not a open geodetic dominating set of G, Which is a
contradiction. If S'CY, then S'is not a open geodetic dominating set of G, Which is a contradiction.
Therefore, 'S X U Y. Let S'=5S, US,, Where S; €X and S, €Y. Then |S;|>2 and
| S, | > 2.Since |S'| >5, either S; or S, contains atleast three vertices, withoutloss of generality let us
assume that | S;|> 3. Letx,y, z € S;and,v € S,. Thenx,y,z,u,v € S'. Let S"=S'— {x}, Which
is a contradiction to S" is a minimal open geodetic dominating set of G. Let S”'=S"— {x}. Then S"is a
open geodetic dominating set of G such that S”'cS’ which is a contradiction to S’ is a minimal open
geodetic dominating set of G.Therefore y,,(G) = 4.

Theorem2.13. For any connected non-complete graph G of order n, then y;,(G) < n — §(G).
Proof. Let S be a upper open geodetic dominating set of a non-complete connectedgraph G order n.
Theny,5(G) = | S| Weshow that | S| < n — &§(G). Letv € S.Assume that v is adjacent to m
distinct vertices in S. Since deg(v) > 6(G), v mustbe adjacent to atleast 5(G) — m vertices in
V(G)—Sand so |V(G)—S]| = §(G)— m.If m = O,then |V (G) — S|z 6(G),that is |S| <
[V (G)] —6(G) = n — §(G).Ifm > O, then the m distinct vertices belong to N[S] and doesnot
lie on a geodesicjoining any pair of vertices of S, Since S is a minimal open geodetic dominating set
ofG,|V(G) — S| >(6(G) — m) + m = §(G). Hence | S| < n — §(G). Therefore y54(G) <
n—6(G).m
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Remark?2.14. The bounds in Theorem 2.13 are sharp. For the graph G = K;,,_,0f order n. It is clear

that 3(G) = 1,n — 6(G) = n—1and y;;(G) = n— 1. Thusy,y(G) = n — §(G). The bounds in
Theorem 2.13 can be strict. For the graph G inFigure 3, 6(G) = 1,y5,(G) = 4n = 6,n —
8(G) = 5Thusysy(G) < n — 6(G).

U2

vl v3 v4, v5

Ve

G
Figure 3

Theorem 2.15. Let G be a connected graph of ordern and u € V (G). If deg(u) =1, then y,;fg(G —
u) <¥oy(G).
Proof. Letu € V (G) and deg(u) = 1. Let S be a minimal open geodetic dominatingset of G — u
with maximum cardinality, so y,5(G — u) =|S |. Since deg(u) = 1, uis an end vertex and u is
adjacent to exactly one vertex, say v. By Theorem 2.3 every minimal open geodetic dominating set
of G contains u. We consider two cases.

case(i): Let v € S. Since S is an open geodetic dominating set of G — u, there exists a vertex
w € V(G — u) such that w € I[v,x] € I[S],w € N[S],v,x € I[S] and d(v,x) < 3. If
d(v,x) = 3, then consider the setS' = (S — {v}) U {u,w} Ifd(v,x) < 2 then consider the set
S'=( — {v}) v {u}. Itis straight forward to verify that S’ is a minimal open geodetic dominating
set ofG. So that y,5(G — u) = |S|<|S"| <ve4(G).

case(ii): Let v € S. Then consider the set S'=S U {u}. It is straight forward toverify that S’ is a
minimal open geodetic dominating set of G. So that Y5 (G — u) = | S| <|[S'| < y54(G). Hence
in both the cases, y,5(G — u) <¥oy( G). [ |

Remark 2.16. The bounds in Theorem 2.15 are sharp. For the graph G = P,,letu be an end vertex of
G. It is clear that (G — u) = 2 and y5,(G) = 2. Hence y54(G — u) = ¥55(G). The bounds in
Theorem 2.16 can be strict. For the graph G inFigure 4, y,5 (G — u) = 3 and v, (G) =
4.Henceyoy(G — u) <yoy( G).
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(2] Us
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Figure 4

Remark 2.17.The converse of the Theorem 2.15 is need not true. For the completegraph K,,,
it is clear that y,;( Ky,) = n, ¥oq(Kp—u) = n — 1land deg(u) =n — 1 foreveryu € V(K,). Hence
Yog(Kn = u) <¥og(Kn) but deg(u) # 1.

Remark 2.18. Theorem 2.15 is not true if deg(u) # 1. For the graph G = Ps, givenin Figure
5, ¥o5( G) =3, v55( G — u) =4and deg(u) = 2 #L.Thusy;5(G — u) £ y545(G).

u
—— o o o o

G
Figure 5

Theorem 2.19. For any non-trivial tree T withn > 3, there exists a vertex v € V (T) such that
Yog(T — ) =Yog(T).

Proof. Let T be any non-trivial tree withn > 3. It can be verified that the result istrue forn = 3.
Since if n = 3 then T = P;. Now consider the case that n > 3. SinceThas atleast one vertex with
degree greater than or equal to 2, there exists a vertexv € V (T) with deg(v) > 2 such that v is
adjacent to at least one leaf and atmostone non-leaf. If there exists a vertex v such that v is adjacent
to atleast one- leafand no non-leaf then it is clear that T =K ,,_, and v is the support vertex So that
Yog( (T — v) =n — 1=y54(T).If there does not exist a vertex v such that v is adjacentto exactly one
leaf, then it is clear that v is adjacent to two or more leaves. Assumethat v is adjacent to exactly one
non-leaf. By Theorem 2.3 every minimal opengeodetic dominating set of T contains its leaves So it
is clear that y,5 (T — v) =y.y(T).If there exists a vertex v such that v is adjacent to exactly one leaf
u and one non-leaf, then deg(u) = 1 and deg(v) = 2. LetT'=T — v — u. Since deg(u) = 1, By
Theorem 2.16, you(T — v) <v45(T). Hence,y y( (T') <voyg(T — u) <v445(T). However,we have

Vog(T") >Yog(T) = 1. If ¥55(T") = v5g(T) — 1, then y54(T) =yo(T — ). Iygy(T") >y5e(T)—1, then
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Yog(T") = Yo5(T) = v45(T —u). Hence there exists a vertex v € V (T) such that y,5(T — v) = y,5( T).m
Remark 2.20. Theorem 2.19 is not true for any graph G. For the complete graph K,,.

Yog( Kn — v) # v44(Ky) for every v € V (Ky).

Theorem 2.21. Let G be a connected graph of order n. If G'is a graph obtainedby adding k, where

1 < k < n,end edges to agraph G, then y;5(G) <¥55(G") <yoy(G) + k.

Proof. Let G be a connected graph of order n and let G'be a connected graphobtained from G by
adding k end edges u;v; (1 < i < k), where eachu; € V (G)and v; € V (G).First we show that
Yog(G) <V55(G") Let S be aygy-set of G, Soy,y (G) = | S |. We now consider three cases.

Case(i): Letu; € Sforalli (1 < i < k). ThenletS'=S U {v;, v,, ..., v }. Since each
v; € V (G)isanend vertex of G'and u; € S,v; € I[S]and v; € N[S],S'is a minimal

open geodetic dominating set of G'. Thereforey,,(G) = | S| <|S'|<yoy(G").

Case(ii): Letu; € Sforsomei,1 < i < k. Since S is an open geodetic dominating set of G, there
exists a vertex v € S such that v € I[u;,x] € I[S],v € N[S] and d(u;,x) < 3 for some
x € S.Ifd(u;,x) = 3, then consider the set S' = (S - {w;}) U {v;, v}. If d(u;, x) < 2, then
consider the set S’ = (S - {w;}) U {v;}. It is easily verified that S'is a minimal open geodetic
dominating set ofG'. Thereforey,,(G) =|S <] S' < ¥55(G").

Case(iii): Letu;eSforall i,1 < i < k.Then by the similar argument as in case(ii),

wecanprove that y54(G) <vey(G"). Next, we show that y54(G') < ye4(G) + k.LetS SV (G)and let
S'= S u{vy, vy, ..., v} be a minimal open geodetic dominatingset of G'with maximum
cardinality so that y55(G") =| S'| = | S| + k. Since S" isaminimal opengeodetic dominating set of
G'wu; ¢ Sforalli, wherel < i < k. We showthat Sisa minimalopen geodetic dominating set of
G. Ifu; € I[S]and u; € N[S]for all u; € V(G)- S, then S is a minimal open geodetic dominating
set of G. Ifnot, then thereexists avertex u;EV (G) suchthat u;& I[S] oru;€N[S]. Thenthe set S U
{w;}(1 <i < k) is a minimal opengeodetic dominating set of G. Henceyyy(G') =|S|+k <
Yog(G) + k.

Theorem 2.22. For any two integer a and n with 2 < a < n, there exists a connectedgraph G with
Yog(G) = aand |V (G) | = n.

Proof. It can be easily verified that the resultistrue for2 < n < 3. I1fn = 2, thenG =K,

and ifn = 3, then G is either P; or K;. Forn > 4. Ifa = n,then G =K, andifa = n— 1, then
G=Ki,-1. Fora < n— 2. Let P: x,y,z be a path on three vertices.Let G be a graph obtainedfrom P

by adding new vertices zy, z,, ..., Zg_3,V1, V2, ..., Un_gand joining each z;(1 <i< a — 3) with z, and
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joining each v; (1 < i < n — a) with xand z. Thegraph G is shown in Figure 6. Let S = {z,, z;,

s Zg—3}. Then By Theorem 1.1 (i)S is a subset of every open geodeticdominating set. It is easily
verified that S U {u}, and S U {u, v} is not an open geodeticdominating set of G and so0 y,;,(G) =
a.NowS'=Su{x}uf{y, v}l <i<n-—-aorS=Su{x}u{v,v}1 <ij<n-a)is
a minimal open geodetic dominatingset of G and so y,4(G)> a. We provethat ;4 (G) = a.If not,
suppose that y,;(G)> a. Then there exists a minimal open geodetic dominating set of S"'with |
§"| =z a + 1. Then §"”contains atleast twov;(1 < i < n—a). Now v;must lie on I[x,z;] for
1<i<n-a)and (1 <£j < a-3).Then x must belongs toS" Then it follows that S'cS",

which is a contradiction to S"is a minimalopen geodeticdominating set of G. Therefore y54(G) = a.

Figure 6

[
Theorem 2.23. For any two integer a and b with2 < a < b, there exists aconnected graph G
With y,4(G) = a,y45(G) = b.

Proof. It can be easily verified that the result is true for 2 = a = b. Considerthe graph G =K,,. It is
clear that y,4(K3) = 2, ¥oy(K2) =2. If 2 < a = b, thenconsider the graph G = K,, (n> 2). Itis clear
that yoq(Ky) =Vey(Ky) =n. If2 < a = b, then consider the graph G = K, ,,. It is clear that y, (K ,,)
=Yog(K1n) =n — 1.Now we consider 2 < a < b.Let P:x,u,v,w,t be a path on five vertices. Let
H be a graph obtained from Pbyadding new vertices z, z,, ..., Z,_,and joiningeach z; (1 <i<a—4)
with u. Let Gbe a graph obtained from H by adding new vertices y,s,v;, vy, ..., Vp_q41and
joiningeach v;(1 < i < b — a + 1) withx and y and joint s with y and ¢, the graph G isshown in
Figure 7.First we show that y,4(G) = a. Let Z = {zy, z, ..., Zq_4} be the set of all endvertices of

G. By Theorem 1.1 (i)Z is a subset of every open geodetic dominating set of G. ltis easily verified
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that Z is not a open geodetic dominating set of G. It is easily verifiedthat Z U {x;} or Z U{x, x,}

orZ U {xq, x,, x3} is not a open geodetic dominatingset where x;, x,, x3 € Z and so y,4(G) = a.
Now S =2Z U {y,s,w,u} is an opengeodetic dominating set of G so that y,4(G) = a. Next we
prove that y54(G) = b. LetW = Z U {vy, v, ..., Vp_q+1, S, t,u}. Then W is an open geodetic
dominating setof G and s0 y,4(G) = a — 4 + b — a + 1 + 3 = b. First we prove that W is a
minimal open geodetic dominating setof G. Suppose that W is not a minimal open geodetic
dominating setof G. Then there exists W' c W such that W' is a open geodetic dominating setof G.
Hence there exists z € W such that € W'. By Theorem 1.1 (i)z#z(1 < i < a —4). If z=
vi(l <i<b—a+ 1)thenW'is nota dominating setof G. Ifz = sortoru, then W’ is not
an open geodetic setof G. Hence W' is not an open geodetic dominating setof G. Therefore W is a
minimalopen geodetic dominating setof G. Next we prove that y,jfg(G) = b.Suppose that y,;fg(G) >
b + 1.Then there exists a open geodetic dominating set of Tsuch that | T | = b + 1. By Theorem
1.1(1))Z < T. Suppose thatv; ¢ T for some i. Thens € T and either v or w € T. Let us assume that
v € T.Now s andvmust lie onsome pair of vertices of T.

Which implies t must belongs to T. Hence T contains opengeodetic dominating set, which is a

contradiction. Therefore y,;(G) = b. ]

Up—a+1

G
Figure 7
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