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ABSTRACT:

In this paper we consider the case of wormhole metric in terms of isotropic coordinates which
considered by Matt Visser in his Lorentzian wormholes: From Einstein to Hawking and also study
traversability and matter condition at the throat and at last consider about a possible solution of it.
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I. INTRODUCTION.

Wormhole solutions of Einstein equations, from the topological point of view, can be seen as
to connecting two asymptotically flat regions of the space-time manifold, i.e. a short-cut or a bridge
linking together two distant regions of the same space-time. Such solutions were conceived as
particle models by Einstein himself in 1935 (Einstein-Rosen bridge®? ). However, an Einstein-
Rosen solution turns out to be just a portion of the Schwarzschild’s metric>* describing a Black
Hole, therefore the bridge cannot be crossed®>®. In 1988, the pioneer work by K. Thorne and M.
Morris”® led to a more deep understanding of wormhole physics, in particular introducing the
concept of a traversable wormhole. The authors in Ref.” showed that in order to achieve
traversability one has to demand the metric to be event horizons free. This feature, combined with
Birkhoff’s theorem, implies that a traversable asymptotically flat wormhole must be a solution of
Einstein equation in presence of some kind of matter (so-called “exotic matter”) with non standard
stress-energy tensor, namely in a neighborhood of the wormhole throat the radial tension must
exceed the total energy density . The region’ around the throat, where such matter is confined ,
shows a violation of the Null Energy Condition (NEC).

The paper is organized as follows. In Section 1l we briefly describes Einstein field equations
and a traversable wormhole with space-time metric in terms of isotropic coordinates and from the
flare out condition we see the violation of the Null Energy Condition (NEC). Here in section 111, also
considering the traversability condition and give a shape function as wormhole solution for zero tidal

force.
1. MATHEMATICAL DETAILS OF THE WORMHOLE WITH ISOTROPIC

COORDINATES.

A. Form of the metric.
In this case space-time metric be written as
ds? = —e2?™Mdt?2 + e 2YD[dr? + 1r2(d6? + sin? 6 dp?) 1)

where the quantities ¥ (r) and ¢ (r)denote the so-called shape and red-shift functions.

This geometry describes a traversable wormhole provided

Q) Y(r) and ¢(r) are everywhere finite.

(i) C@r) =2nr e ™ hasaminimum at r, # 0. Where r, is the location of throat.

(iii)  ¢(0), () and (o) must be finite.
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B. Equations of Structure for the wormhole.
From the metric expressed in the form  ds? = g,,dx*dx”, one may determine the

Christoffel symbols, defined as

1
F“a[; = 2 g‘w(gva,ﬁ + IvB,a — gaﬁ,v)-

Here the non-zero components are
[e=¢', TTy= g2V (M e2¢(™) ¢ T ==, TTgg=—-r(1—-19"),
I pp =—1(1—1Y")sin*#, ro = % (1—-ryY"), I‘e(p(p = —sinfcosf , (2)
%=+ (1—19) , [, =coth,

The Riemann tensor is defined as
R%y5 = T%gsy = T¥y5+ [%y [ps — T%5 T,

Applying this equation one can get
RYyty=—¢" —¢' @' + ¢, R9 = —¢'r(L —1¢") , RM o = — ¢'r(1 —19") sin? 6,
RTor0 = 12" + L), R prp = 12" + L) sin? 0, R gy = 129/ (2~ ') sin? 0 (3)

Using the orthonormal basis given by

(e; = e %e,
J e; =eVe, s
|eg =e¥reg ()
\ep = e¥(rsind) e,
the matrix of the metric coefficient is given by
-1 0 0 O
— ~_10 1 0 O
Jap =€ =10 0 1 0
0 0 0 1
Again multilinear object given by
R, €,Qw ®w ' @w" = e?¥R!,, ;0w @w @w” = Rt e;Qw Q! @w’
= Riztp = eVR = V[ + ¢'(Y' + ¢)]
Where {wf, ”, %, 0?} is the dual basis of {e;,e;, eg,e,} and
wt =e Pwt
o =evw' .
w® = e¥rlw? ®)

w? = e¥(rsinf) 'w?

Proceeding similarly, we find the 24 nonzero components of the Riemann tensor given by
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Rists = —RYppe = =R = R pp = —eV[9" + ¢’ (W' + ¢")]
R'9:5 = —R%p: = —R%5: = R%p = —e2¢(-—¢’)¢’

R'stp = —R'ppt = —R%:p¢ = RP35 = —ezw(-— PP’ (6)

R® 55 = —R? 548 = RP550 = RPgg, = 2/ (2 =)

From where we can contract the Riemann tensor to calculate the Ricci tensor Rz and the scalar
curvature R, given by

Rgy = R® aav and R = g“"RM = —Rs + Ry + Rgp + Ry and from this we can compute Einstein
tensor given by Ggp = Ry — ER Jav- Therefore the only nonzero components of Einstein tensor are

Get = Ret — Rgee = R'gsg + R pip + RO ppp = €229 — ()% + 25 (7

Gip = Rpp — %RQM = —R'%p — Rfafa - Ratﬁ@ eV [(1/’ P29+ M] ®)

Gop = Ggg = Rgp — 3R9a5 = —R%ser — Rigip — R gsp
= 2 [pr(@)? -y + L) ©
C. The stress energy tensor.

Einstein equations require the stress energy tensor which proportional to the Einstein tensor.
In orthonormal basis stress-energy tensor T;;must have the same algebraic structure as Gy . the only
nonzero components are T¢; , Ty¢, and Tpg = Ty - Using the orthonormal basis these components
carry a simple physical interpretation.
ie. Tgp = p(r)c?, Tpr = —t(r),and Tgg = Tpp = p(r) ,

Where p(r) is the energy is the energy density, (r) is the radial tension and p(r) is the
pressure measured in the cross-radial direction.

Thus the Einstein field equation, Gz, = 8mGc™*Tyy provides the following stress-energy scenario:

eV (2 N (O %) = 8nGc?p(r) (10)
e |2 - 20y + 22 = —gnGete(r) (12)
e2V¥ [¢11+(¢r)2 _ l/J” + (d’,;‘p’)] — 87TGC_4p(T') (12)

Differentiating (11) and using equation (12) one can get the relativistic Euler equation or
hydrostatic equation for the material threading the wormhole as
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v = (o~ D¢ + (20 =2 )+ D) (13)

Which can be written as

! 2 -1 12 2 !
p=—t+(29' -2) [r' = (pc? - 1)¢'] (14)
D. The mathematics of embedding.
Considering a fixed moment of time , t = const., the respective line element is given by

ds? = e 2¥M[dr? + r2(d6? + sin? 8 dp?)]. In three dimensional Euclidean space the embedded
surface has equation z = z(r), so that the metric of the surface can be written as

2
ds? = [1 + (%) ] dr? +r2e~?¥1(d6? + sin® 6 do?).
Comparing we get,

d _ 1
—=t(eM 1) " (15)

To be a wormhole solution , the geometry has a minimum at r, # 0, Where ry is the location
of throat, at which the embedded surface is vertical ,i.e. dz/dr — oo . Far from the throat , one may
consider the space is asymptotically flat, i.e. dz/dr - 0 asr — oo.

Here C(r) = 2nr e %™ has a minimum at r, # 0 and dI2 = e~2¥M 2,

dc(r) _ dc(r)dr

Therefore , TR T 2n(1 —ry') = 0 at the throat r, and for minimum i.e. flaring out
.. . dZC(T‘) AV
condition is 2 0 = (1 —ry") >0 at the throat ry. (16)

E. Exotic matter.

The first two Einstein equations (10) and (11) can combined to give
8nGc™*(pc? — 1) = 2e?¥Y[Y"" + 1/)7, + %’ (1 —ry")]

= 26?2 (1 —ry) + L (1 -y

2e2¥

T

[-(A—7y") + ¢ (1 —ry’)]

2e2¥ d?2¢(r) . 2e?

_ 0 27 g1 -y (17)

2nr r

At the throat, (1 — 1y’ (15)) =0

_ 2e2¥(o)
= 8nGc *(poc? — 1p) = ——

(1 — oy’ (1))’ < 0 by flaring out condition (16) at the throat.

This violets the NEC and Morris and Thorne coined matter constrained by this condition as ‘exotic

matter’.
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1. Traversability condition.

In constructing traversable wormhole geometries , we will be interested in specific solution
by imposing specific traversability conditions. Assume that a traveler of an absurdly advanced
civilization beings the trip in a space station in the lower universe, at proper distance [ = —[; and
ends up in the upper universe at | = +1,. Furthermore consider that the traveler has a radial velocity
v(r), as measured by a static observer positioned at r. One may relate the proper distance travelled
dl, radius travelled dr, coordinate time lapse dt and proper time lapse as seen by the traveler dt as

proper distance traveled by traveler measured by observer

v(r) =
) time lapse measured by observer
ol
T e®Mat
= Fete VY
FePe V= (18)
v dl —_ dr
= e = —IIJ —_
And vy = o ar +te v — (19)

It is important to impose certain condition at the space stations
(1) Space is asymptotically flat at the stations , i.e. e¥ > 0. (automatically)
(2) Gravitational redshift of signals sent from the station to infinity must be small.
(3) The ‘acceleration of the gravity’ measured at the station g = —e¥¢’c? should be less than
Earth’s gravitational acceleration, i.e. |e¢¢’cz| < ggatl=-l and = +1, .
A. Total time in a traversal.
The trip should take a relatively short time , for instance, Morris and Thorne

consider 1 year, as measured both by traveler and by people who live in the stations,

_ (ke dl

At = Loy < lyr, (20)
ol

At = [ =5 < Dyr, (21)

B. Acceleration felt by a traveler.

An important traversability condition is that the acceleration felt by the traveler should not
exceed Earth’s gravity.
By Lorentz transformation between the orthonormal bases of the traveler proper reference

frame {eg, , e5, e5,, e5,} and static observer frame {e; , es, e5, €5 }.

e =ve; ty(w/cle;, e, =y(v/c)e; +yve;, es; =ep, es5; = e . (22)
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The traveler four-acceleration a® = u‘/"\’;z;,u@cz is the acceleration that his body feels. As

four acceleration is always orthogonal to four-velocity, thus @.eg, = 0 = ag, and as traveler moves

radially, his acceleration be radial, thus a; = a5 = 0.
Now a,/c? = Up U = % u” — TP ugu” in the (ct, 7,6, 9). Here u, = g u' = —e??(ye™®) =
—ye? and u” = F vye?.
Again,
a, =d.e = (aep).(e?e;) = aly(v/c)e; F ye;). (e?e) = ay(v/c)e? g, = —ay(v/c)e?.
= (—ye?) . (Fvye?) = —ay(v/c)e?
=a=FeYe ?(ye?) c? = ?e“”%(ye"’)cz.
Our demand that traveler not feel an acceleration larger than Earth’s gravity, i.e.
o= 5 0re?)| < go/c?. (23)
C. Tidal acceleration felt by a traveler.
Tidal acceleration felt by a traveler is given by
Aa” = —cszﬁ,ﬁg u"af’ﬁuE , (24)
where u® = §& is the traveler four velocity and & denote vector separation between two parts of his

body and it is purely spatial in the traveler reference frame, i.e. &.u = —&% = 0. Thus,

-~ -~ = =

Aa' = —c*R! 77{7751(’ = _CzRi‘r(TrTﬁ(Trfk’ (25)
Using Lorentz transformation of the Riemannian tensor components between the
orthonormal bases of the traveler’s frame {eg ,eq, ez ,es} and static observer frame

{e:,e; €5, €5}, the nonzero components of Ryg,56: are given by

Rogioe = Retre = 9p#R tpt = R it = e*P[@" + ¢’ (' + ¢)] (26)

v = —~
Rs656 = Rsom6 = V*Rasee +V° (Z) Rorar = ¥2950R% e + V2 (=) 990R% 5,

= et [~ () 2 —rpy + v @7)

C
Traversability condition require that tidal acceleration felt by traveler should not exceed

Earth’s gravitational acceleration. Again let, |§|~2 m (size of the traveler body). Thus,

|A@] < gg = | Rogoe | = [eP[p” + ¢’ (W' + ¢N]| < 52— (28)

c2x2m
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e [- () La-my+ C-vie]| <22 @9

And |Rz5:56/) = IRsgimai| =
| 21012107 | 37073707 c c2x2m

1. WORMHOLE SOLUTION.

The shape function (r) that generate this solution must satisfy the wormhole-shaping

2r—r1y
2r

dac(r) _

conditions. If we take, Y(r) = 1og( ) then 1'(r,) = — which satisfy the condition

dfl(:)% =2n(1 —ry") = 0 at the throat r,. Again, % = +(e" W™ — 1)1/2 - +/3 asr - ry and
% — 0as r - oo, i.e. flaring out condition is satisfied. Again, if we take ¢ = 0., then
p(r) = (BrGe?) e (23" — (¥)? + L) (30)
©(r) = —(8nGc) e ()2 - 2] (31)
p(r) = —(8nGc=*) e [y + L] (32)
In this case, )’ = —2— and '’ = 1 YRy NP oo, YY" and ' — 0, Thus, density

r(2r-7p) 1r2(2r—-719)2
p(r), tension 7(r) and pressure p(r) are all asymptotically towards zero as [ — too.

We shall locate our two space stations at large enough radii, i.e. take r; = r, = Lr, (where L
is a large positive number) corresponding to [; = [, ~ Lr,.Now we want to calculate how fast a
traveler can traverse the entire wormhole from station 1 at —[, in the lower universe to station 2 at [,
in the upper universe. We ignore acceleration at leaving the station 1 and the deceleration upon
arriving at station 2 and instead we assume that our traveler maintains constant speed throughout the
trip. The acceleration constraint is trivially satisfied since ¢ = 0 and y remains constant for the trip.
We are thus left with constraint (29) limiting the tidal forces associated with motion through the

tunnel

e?¥ 1A Le)
c — <99
T (1 Tlp ) | — ¢?x2m

()
212 (&) e (v +%)

Substituting the values, we get
v (E)Z 2:?3 = c? i@Zm

This constraint is most severe for the smallest radius r = r, (at the throat)

< e (33)

c2x2m

2 _ go X 1o’
2(_ <Y -
4 (c) T cix1m
In the limit that the motion is non relativistic (V/, «< 1,y = 1) we obtain
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v < 19./90 (34)
Correspondingly, the total time lapse for travel from station 1 to station 2 is the same(since,

y = 1and ¢ = 0) for clocks ticking in the station and board on the spaceship:

12 dl Lry L
— RLX— R LX—.
R (35)

Thus the total time trip through such a tunnel can be made a comfortable hour and velocity

ArzAtzf_llv

can be make large or small according to the throat radius r,.
IV. CONCLUSION.

In this paper it is completely describe the mathematical structure of wormhole with isotropic
coordinates and finding the Euler equation for the wormhole and how flaring out condition imply the
exotic matter condition. From the given solution it is seen that energy density of the matter, radial
tension and pressure are all asymptotically tends to zero for asymptotically flat surface. It is also seen
that traversability is possible for zero redshift function and the total time trip through such a tunnel
can be made a comfortable hour and velocity can be make large or small according to the throat
radius.

V. REFERENCES

1. Einstein, A. ;Rosen, N. : “The Particle Problem in the General Theory of Relativity,” ; Phys.
Rev.1935; 48: 73-77.

2. Flamm, L. : “Beiti‘age zur einsteinschen gravitationstheorie,” Phys Z., 1916;17: 448.

3. Wald, R.M. : “General Relativity”. The university of Chicago Press, 1984.

4. Kruskal, M.D. :“Maximal extension of Schwarzschild metric,” Phys. Rev., 1960; 119:1743—
1745.

5. Visser, M. : “Lorentzian Wormholes. From Einstein to Hawking”. American Institute of
Physics, 1996.

6. Lobo, F.S.N. : “Wormholes, Warp Drives and Energy Condition”, Springer, 2016.

7. Morris, M.S. ; Thorne, K.S. : “Wormbholes in space-time and their use for interstellar travel:

A tool for teaching general relativity”, Am. J. Phys.,1988 ; 56: 395-412.

8. Morris, M.S.; Thorne, K.S.; Yurtsever, U : “Wormholes, Time Machines, and the Weak
Energy Condition,” Phys. Rev. Lett. 1988;61: 1446.

IJSRR, 7(4) Oct. - Dec., 2018 Page 2324



