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ABSTRACT

In this paper, we find two characterizations of COTS with endpoints. Using these results, two
characterizations of the closed unit interval are also obtained.
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1. INTRODUCTION

Topological spaces are assumed to be connected for any consideration of cut points. The
concept of COTS (= connected ordered topological space), defined by Khalimsky, Kopperman and
Meyer', does not require any separation axiom. It is shown in? that an H(i) connected topological
space with exactly two non-cut points is a COTS with endpoints. Papers®” introduce several classes
of topological spaces, whose members are COTS with endpoints. By space we mean topological
space.

In this paper, we find two other characterizations of COTS with endpoints. Notation and
definitions are given in Section 2. The main results of the paper appear in Section 3. In Section 3, we
prove that if a connected space X has an R(i) subset H such that there is no proper regular closed,
connected subset of X containing HU(X — ctX), then there is no proper cut point convex set of X
containing all non-cut points. Thus this result generalizes Theorem 4.2 of . Using this result, we
prove that if a T, separable connected and locally connected space X has at most two non-cut points
and an R(i) subset HU(X — ctX) such that there is no proper regular closed, cut point convex set of X
containing H, then X is homeomorphic to the closed unit interval. Some other characterizations of
COTS with endpoints and the closed unit interval are also obtained.

2. NOTATION AND DEFINITIONS

For notation and definitions, we shall mainly follow ’. For completeness, we have included
some of the standard notation and definitions.

Let X be a space. A filter base y on X is said to be fixed if "n{A : Ae v} # ¢. An o-filter base
on X is a filter base whose members are open subsets of X. An o-filter base y is a regular o-filter
base if each member of y contains the closure of some member of y. X is called R(i)® if every regular
o-filter base on X is fixed. Let Y < X. Y is R(i) if Y, as a subspace of X, is R(i). X is called Ty, " if
every singleton set of X is either open in X or closed in X.

Let X be a space. Let x € X, x is called a cut point if there exists a separation of X — {x}, if x
is not a cut point of X, x is called a non-cut point of X. ctX is used to denote the set of all cut points
of X. A separation A|B of X — {x} is denoted by A,|By if the dependence of the separation on X is to
be specified. A, mentioned is a separating set out of A|By. (Ax)™ is used for the set A, U {x}. For a
subset Y of X — {x}, x € ctX, if Y < Ay, then A (Y) is used to denote the separating subset Ay,
(A(Y))™ is used for the set A(Y) U {x}. If Y = {a}, we write A(a) for Ax(Y), (Ax(a))™ for
(A(Y))™ Leta, b e X. Fora=b, x e ctX — {a, b}, is said to be a separating point between a and b,

or x separates a and b if there exists a separation A,|Byx of X — {x}, with a € Ay and b € By. S(a, b)
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is used to denote the set of all separating points between a and b. For x € S(a, b), we write X — {x} =
Ax(a) U By(b) for a separation Ay|Bx of X — {x}. If we adjoin the points a and b to S(a, b), then the
new set is denoted by S[a, b]. If a = b, then by notation S[a, b] = {a}. X is called a space with
endpoints if there exist a and b in X such that X = S[a, b]. A subset Y of X is called cut point
convex® if, whenever a, b € Y, S[a, b] = Y. X is called a connected ordered topological space
(COTS)if it is connected and has the property: if Y is a three-point subset of X, then there is a point
X in Y such that Y meets two connected components of X — {x}. A topological property P is said to
be cut point hereditary” if whenever a space X has the property P, then, for every x e ctX there
exists some separation A,|By of X— {x} such that each of (A,)™ and (By)™ has the property P.

3. COTS WITH ENDPOINTS

The following result generalizes Theorem 4.2 of *.

Theorem. 3.1. If a connected space X has an R(i) subset H such that there is no proper
regular closed, connected subset of X containing HU(X — ctX), then there is no proper cut point
convex set of X containing all non-cut points.

Proof. If X — ctX is empty, then the result follows by Theorem 4.2 of . Now suppose that X —
ctX # ¢. Assume the contrary, and let Y be a proper cut point convex set of X containing all the non-
cut points of X. As X — Y < ctX, by Theorem 3.7 of /, there exists an infinite chain o of proper
connected regular closed sets of the form (Ax(Y))™ where x € X — Y, x a closed point of X, covering
X. Since H is R(i), H N By = ¢ for some (A,)™ e a using Lemma 4.1 of ”. Therefore HU(X — ctX)
A(Y)™. This gives a contradiction to the given condition. The proof is complete.

Theorem. 3.2. If X is a connected space having an R(i) subset H such that there is no proper
regular closed, connected subset of X containing HU(X — ctX), then X has at least two non-cut
points.

Proof. Use Theorem 3.1.

Theorem. 3.3. A connected space X has at most two non-cut points and an R(i) subset H
such that there is no proper regular closed, connected subset of X containing HU(X — ctX) iff X is a
COTS with endpoints.

Proof. If X has an R(i) subset H such that there is no proper regular closed, connected subset
of X containing HU(X — ctX), then, by Theorem 3.2, X has at least two non-cut points. Therefore, by
the given condition, X has exactly two non-cut points, say, aand b. Let x € X —{a,b}. Then x € ctX.
By Lemma 2.1 of ’, each of (A,)™ and (B,)*™ is connected. By Theorem 3.1, there is no proper cut
point convex set of X containing X — ctX. But X — ctX = {a,b}. So a € A and b € By or conversely.
This implies that x e S(a,b). Hence X = S[a,b]. Now by Theorem 3.2 of 3 X is a COTS with
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endpoints a and b. Conversely suppose that X is a COTS with endpoints. Then X is a connected
space with endpoints, say, a and b. Therefore by Lemma 3.8(i) of °, there is no proper connected
subset of X containing {a,b}. This implies that there is no proper regular closed, connected subset of
X containing {a,b} = H. Also {a,b} = X — ctX. The proof is complete.

The following remark follows using Proposition 2.9 of *and Theorem 3.3.

Remark. 3.4. If X is a nontrivial connected space having at most two non-cut points and an
R(i) subset H such that there is no proper regular closed, connected subset of X containing HU(X —
ctX), then X is Typ.

Theorem. 3.5. If a connected space X having at most two non-cut points and an R(i) subset H
such that there is no proper regular closed, connected subset of X containing HU(X — ctX) is locally
connected, then X is a compact COTS with endpoints.

Proof. By Theorem 3.3, X is a COTS with endpoints. Now the theorem follows by Theorem 4.4 of *.

Theorem. 3.6. If a T, separable connected and locally connected space X has at most two

non-cut points and an R(i) subset HU(X — ctX) such that there is no proper regular closed, connected
subset of X containing H, then X is homeomorphic to the closed unit interval.
Proof. By Theorem 3.5, X is a compact COTS with endpoints. X being a T, COTS is Hausdorff,
using Proposition 2.9 of *. Since a separable compact connected Hausdorff space with exactly two
non-cut points is homeomorphic to the closed unit interval (see Theorem 122 of °), X is
homeomorphic to the closed unit interval.

The following result generalizes Theorem 4.11 of .

Theorem. 3.7. Let X be a connected space having a cut point hereditary property P. If X has
an R(i) subset H such that there is no proper regular closed, connected subset of X, having property P
and containing HU(X — ctX), then there is no proper cut point convex set of X containing all non-cut
points.

Proof. If X — ctX is empty, then the result follows by Theorem 4.11 of ’. Now suppose that X
—ctX = ¢. Let Y be a proper cut point convex set of X containing all the non-cut points of X. As X —
Y < ctX, by Lemma 3.11 of /, there exists an infinite upwards chain a of proper connected regular
closed subsets of the form (Ax(Y))™, x € X =Y, x a closed point of X and (A(Y))™ has property P,
covering X. Since H is R(i), H N By = ¢ for some (A,)™ € o using Lemma 4.1 of ’. Therefore HU(X
— ctX) < A(Y)™. This gives a contradiction to the given condition. The proof is complete.

The following result is the non-cut point existence theorem for another subclass of connected

spaces having a cut point hereditary property.
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Theorem. 3.8. Let X be a connected space having a cut point hereditary property P. If X has
an R(i) subset H such that there is no proper regular closed, connected subset of X, having property P
and containing HU(X — ctX), then X has at least two non-cut points of X.

Proof. If the result is not true, then exists some x € X such that X — ctX < {x} which is contrary to
Theorem 3.7. Then there are at least two non-cut points of X.

We note that the following result follows on the lines of the proof of Theorem 3.3 because,
for a cut point x of a connected space X having a cut point hereditary property P, there exists a
separation Ay|By of X — {x} such that each of (A,)™ and (Bx)™ has the property P, and Theorems 3.8
and 3.7 are applicable, in place of Theorems 3.2 and 3.1 respectively.

Theorem. 3.9. Let X be a connected space having a cut point hereditary property P. Then X
is a COTS with endpoints if and only if X has at most two non-cut points and an R(i) subset H such
that there is no proper regular closed, connected subset of X, having property P and containing
HU(X — ctX).

Theorem. 3.10. Let X be a connected and locally connected space with at most two non-cut
points and having a cut point hereditary property P. If X has an R(i) subset H such that there is no
proper regular closed, connected subset of X, having property P and containing HU(X — ctX), then X
is a compact COTS with endpoints.

Proof. By Theorem 3.9, X is a COTS with endpoints. Now the theorem follows by Theorem 6.1(ii)
of 4.

Theorem 3.10 coupled with Corollary 6.2(i) of * gives the following corollary.

Corollary. 3.11. Let X be a T, separable, connected and locally connected space with at most
two non-cut points and having a cut point hereditary property P. If X has an R(i) subset H such that
there is no proper regular closed, connected subset of X, having property P, containing H, then X is
homeomorphic to the closed unit interval.

REFERENCES

1. Khalimsky E. D., Kopperman R., Meyer P. R., Computer graphics and connected topologies
on finite ordered sets, Topology Appl.; 1990; 36: 1-17.

2. Kamboj D. K., Kumar V., H(i) connected topological spaces and cut points, Topology Appl.
2009; 156: 610-615.

3. Kamboj D. K., Kumar V., Cut points in some connected topological spaces, Topology Appl.
2010; 157: 629-634.

4. Kamboj D. K., Kumar V., A study of cut points in connected topological spaces, Topology
Appl. 2012; 159: 40-48.

IJSRR, 7(4) Oct. - Dec., 2018 Page 1958



Kamboj Devender Kumar, IJSRR 2018, 7(4), 1954-1959

5. Kamboj D. K., Kumar V., On cut points properties of subclasses of connected spaces,
Topology Proc.2013; 41: 337-360.

6. Kamboj D. K., Kumar V., Singh S., Some characterizations of COTS with endpoints,
Topology Appl. 2015; 194: 144-149.

7. Kamboj D. K., Kumar V., On non-cut points and COTS, Topology Appl.; 2018; 240: 159-
172.

8. Scarborough C.T., Stone A.H., Products of nearly compact spaces, Trans. Amer. Math. Soc.;
1966; 124: 131-147.

9. Ward Jr. L.E., Topology: An Qutline for a First Course, Marcel Dekker, Inc.; New York,;
1972.

IJSRR, 7(4) Oct. - Dec., 2018 Page 1959



