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ABSTRACT

In this paper, a mathematical model for nanofluid flow in an inclined artery with overlapping
stenosis and permeable walls is presented. The analytical solutions are obtained for velocity, pressure
drop, impedance and wall shear stress by taking mild stenosis into consideration. The effects of
various parameters like height of stenosis, Brownian motion number, local nanoparticle Grashof
number, local temperature Grashof number, inclination, thermophoresis parameter, Darcy number
and slip parameter on velocity, temperature profile, nanoparticle phenomena, impedance, shear stress
are analyzed. The behavior of blood is studied through the streamline patterns.
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In the recent times cardiovascular diseases have been one of the most severe diseases causing
a large number of deaths in developed and developing countries. Most of these diseases are related to
the abnormal flow of blood in stenotic arteries. Stenosis may result from embryonic mal
development, hypertrophy and thickening of a sphincter muscle, inflammatory disorders or excessive
development of fibrous tissue. It may involve almost any tube or duct. The development of stenosis
in an artery can have serious consequences and can disturb the normal functioning of the circulatory
system. In particular, it may lead to (i) increased resistance to flow, with possible severe reduction in
blood flow (ii) increased danger of complete obstruction (iii) abnormal cellular growth in the vicinity
of the stenosis, which increases the intensity of the stenosis, (iv) tissue damage leading to post
stenotic dilatation. Hence detailed knowledge of the blood flow in stenosed arteries is required to
understand and prevention of arterial diseases.

A number of theoretical and experimental investigations have been carried out to know the
dynamics of blood flow through arteries with obstructions. These are categorized broadly according
to the geometry of the arterial wall and blood rheology. The most common models which are
developed to stimulate the arterial segments are the rigid tubes containing a single symmetric or non-
symmetric stenosis >, However, stenosis may develop in series and may not be regular in shape or
may be overlapping ®°.

Nanofluids are a new class of fluids consisting of nano-sized particles(1 nm-100nm).
Recently, the study of nanofluids has attracted many researchers because of its enormous
applications in bio and mechanical industries such as heat transfer in microelectronics, fuel cells, and
pharmaceutical processes etc. Nanofluids is the term which was first introduced by Choi* to
describe new class of nanotechnology based heat transfer fluids with augmented thermal properties.
The aim of nanofluids is to achieve the highest possible thermal properties at the smallest possible
concentration by uniform dispersion and stable suspension of nanoparticles. Recent articles on
nanofluids have been cited ***2,

In the above mentioned research the walls of the tube are considered as rigid, but in physiological
system the walls of the tube may be elastic, movable or permeable. Akbar et al.** had a theoretical
investigation of nanofluid flow in a tapered stenosed artery with permeable walls. The effects of
magnetic field for copper nanoparticles for blood flow through composite stenosis with permeable
walls have been studied by Akbar and Wahid Butt °. Ellahi et al. '® examined the blood flow of
nanofluid through an artery with composite stenosis and permeable walls. In some physiological
systems, the arteries may not be horizontal, but may be inclined with the axis. Maruthi Prasad et al.'’

studied the nanofluid flow in an inclined non-uniform tube with multiple constrictions.
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Inspired by the above mentioned research, the aim of the present paper is to investigate the
nanofluid flow of blood in an inclined tube with an overlapping stenosis and permeable walls. The
non-linear coupled equations are solved by HPM. The solutions for velocity, temperature, pressure
drop, resistance to the flow and wall shear stress are obtained by taking mild stenosis into
consideration. The physical features of the major parameters are illustrated by graphs.
MATHEMATICAL FORMUALTION

Consider the steady, incompressible nanofluid flow in an inclined tube having overlapping

stenosis with permeable walls makes an angle & ’ to the Z - axis [Fig. 1]. Cylindrical polar

coordinate system (r.8.2) is taken. Here Z - axis coincides with the centre axis of the tube.

Figure 1: Geometry of an inclined tube with overlapping stenosis.

The geometry of the arterial wall of the overlapping stenosis is written mathematically as

k= R(z)
" Ro(@)
3
—h é . d=z<d+lo,
—— - 3 — d21.52 314 Y
Z(RoLo‘lilﬂ [11(z — d)Lo® — 47(z — d)*Lo* + 72(z — d)*Lo — 36(z — d)°] )
= 1, Otherwise. )

Where RE) s the radius of the artery in the constricted region, Ra(z) is the radius of the
tube in the non-constricted region, L is the length of the tube, Le is the length of the stenosis and

d  shows the location of stenosis, 9 the maximum height of the stenosis is shown at two locations

L L 35
Z=d+—, Z=d+5— _ . _ I
¥ 6 T 6 respectively. The critical height of the stenosis 4 is located at

L
Z=d4+— . _ _ : :
* 2 , from the origin. The governing equations for the steady flow of an incompressible

nanofluid are

19@v) Jdu
rar taz o @)
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dv dvy _ dp d*v 1dv J*v v] cos
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du duy  dp d*u 1du 6’] o —1) C—c) sina
Pl YUzl = Tz TH e tray Tz TPt T Tl paatt — ol 4)
or , OT|_ ,[0*T 19T &°T acar acar) Dsz[@T\' [TV
Yotttz T et T ] Blarar ¥ 32 az]+fn (67’) +(az)
(5)
oc . C|_, a=c+1ac+a=c] Dy a=T+1aT+a=T]
Yar tUaz|T "B e Frar Tz | T Ty lar Trar T o) ©6)

_C)p

T =
where @Cf s the ratio between the effective heat capacity of the nanoparticle material

and heat capacity of the fluid, P is pressure, € is the nanoparticle phenomena. The ambient values

of T and € are denoted by Te and Co when 7 tend to k, Dg is the Brownian diffusion
coefficient and Pr is the thermospheric diffusion coefficient.

The boundary conditions for temperature and concentration are

aT ac
E—ﬂ;g—ﬂﬂt?’—ﬂ
()
T=T,.C=Cy atr = h(z)
(8)
Introducing the following non-dimensional quantities
_ z = & - R - P _ u _ L
I=71 E_R_,’R_R_,'P_M’H_E’v_ﬁv
Rg
Re n t T, T Ca ’ b ®C); a,
_ (pC)p DTy _ pga,ToR} _ pgaiCoR}
Ny=——2"°°0 Gp="2 200 B, =" 21008
(ECra, I I (9)

By substituting the non-dimensional variables in Egs. (2) to (6) with the mild stenosis

=— & 1, .
approximations Ro « Re (20/Lg)<<1 and 2Ry /Ly ~ O(1) ,the equations are reduced to (after
dropping the bars)

IJSRR, 7(4) Oct. - Dec., 2018 Page 1604



Kawkab et al., I]SRR 2018, 7(4), 1601-1617

dv v du

E-I_T_"-I_E_n
(10)
dP _ cosa
ar  F
(11)
dF simna 14 du
E—T—Fﬁ(rﬁ)+ﬁrﬁz+ﬁrﬂ,
(12)
148 86, do 96, ag:\" _
;a("“w)’f”&ﬁﬁ*”t(ﬁ) =0
(13)
10 ( 90\, Ne (10 ( 06:\)_,
@("‘ﬁ)*w—a ;5(’*‘?) -
(14)

where U is the velocity averaged over section of the tube with radius Rg,
8:.0.Np, Ne:. Gy and  Br are temperature profile, nanoparticle phenomena, Brownian motion
parameter,thermophoresis parameter, local temperature Grashof number and local nanoparticle
Grashof number.

The non-dimensional boundary conditions are

du
E— . at T"—':I,
du B
u = us,g = E{HB—HP} at v = ()

Where r and z are the coordinates and z is taken as the centre line of the tube and r transverse

to it, #g is slip velocity, u and v are the velocity components in the r and z directions respectively.
B s the slip parameter and Pa is Darcy number.

The non dimensional boundary conditions for &z and @ are
3 _, 90
ar dr

g:=0, g=0 atr = h(z)

=0 atr=20

SOLUTION
Homotopy perturbation method is used to solve the equations (13) and (14) The homotopy

for the equations (13) and (14) are as follows
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H
(15)

N.1a, a8,
H(g..0) = (L — g L) - Lo + g, [L{cr]+N—h _E( —])]

(16)

. . L=——r\r—J. .
where @ is the embedding parameter (0 < g, = 1) rdr ar) is the linear operator,

and the initial guesses o and ca are

T _ 2 z _ 2
H,{r,z]=(r *h ), r:r.,{*r‘,z]=—(qu *h)

(17)
Define
B:0r.2) = 0y + q:04 + q*0; + =
(18)
olr.z) =0, +q.0, + g, 0, +
(19)

The above two series are convergent in most of the cases. The rate of convergence depends
on the nonlinear part of the equation.
Therefore, the solution for temperature and concentration are obtained for 4: =1 as

4 _ h-l-
6,0r.z) = (TT){NE, — N
(20)

. 2) = (r’—h’)h’t
awr,Z) = 4 Nh.

(21)
Substituting the equat (20) and (21) in equation (12) and solving it for the velocity, we get

D ri-p dP G, -N)m*r* D ra’ 218 N riht 3t R\ sina o
R e T T e s e

IJ"(;’""Z]z(zﬁ ' o 1088 N, 20 i

+
64 16 64  4f

(22)
The flow rate @ is given by
Q= fzm dr.
(23)
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-—
68 288 16

_(m h* 5 h:)dp GTWE,—NE](EJ@ 33n® h") 5, h® .j_hf') sina(mha h‘)
0= Sl PR ZNEJ 96 80 26 8
(24)

dP
From equation (24), dz can be written as

dP _ 1 GrVp - N (W'D 338° kS B ¢ JDgh* , Sina ""_“h’ h*
E_(%ha_%_g a=) =75 68 288 ' 16 "2N 96 8 28 8
2 a

(25) The pressure drop &P across the

stenosis between the section 2 =190 and Z=1 s obtained from eq. (25) as

om- [
(26)
The resistance to the flow 4 is given by
1= -2

(27)
The pressure drop in the absence of stenosis (B = 1) is denoted by &px, is obtained from

eq.(26) as
w--[ ()
(28)

The resistance to the flow in the absence of stenosis is denoted by 4x is obtained from

1t dp
Av==| - (—) dz
eq.(26), as Q‘[’ dz h=1

The impedance is calculated as

(29)

The wall shear stress is calculated as
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__hdp
Sz = 24z (
RESULTS AND ANALYSIS

In this part of the article, we have discussed the effects of various physical parameters on

velocity @), temperature distribution ¢), nanoparticle phenomena (@) impedance (I) and wall
shear stress (ta).
Velocity profile

The velocity profile @) is plotted against the radial axis @) for different values of stenosis

height (6], Brownian motion number {(N]z), thermophoresis parameter {(N]:), and angle of

inclination @), Darcy number(’!D_ﬂ), slip parameter 8, local nanoparticle Grashof number {(B1r),

local temperature Grashof number {(G1+), in Figs.2-9. It is noticed that the variation in velocity is

symmetrical for all the parameters. It is also observed that the velocity increases with the stenosis
height, thermophoresis parameteriil""'iz}, inclination (@), slip parameter(# ), local nanoparticle
Grashof number €(BJr), local temperature Grashof number {(G1r) and the flow velocity is more at

the center of the tube and minimum at the stenosis walls.

But the velocity decreases with the Brownian parameter {(N]») and Darcy number (Jﬂ_ﬂ) i.e. the
velocity is minimum at the centre and maximum at the walls.
Temperature Profile

Form Figs. 10-11, it is noticed that the temperature distribution decreases with the increase of

the Brownian motion number ¥{N1s), and increases with thermophoresis parameter V1), The
temperature is minimum in the region —0.5=r = 0.5

Nano-particle phenomenon

Figs. 12-13, shows the variation of nanoparticle phenomena @)for the Brownian motion
parameteri(NZa} and thermophoresis parameterﬁ”iz}. It is observed that the nanoparticle
phenomena increases with the increase of thermophoresis parameter {(NT:) but it decreases with

Brownian motion number {(N1s) and it is miximum at the center of the tube (ie ¥ =9 ) and

minimum at the walls.

Impedance variation
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In Figs.14-19, the impedance is plotted against to the stenosis height for various values of

Brownian motion number {(N]z), thermophoresis parameteri(Niz}, local nanoparticle Grashof
number ¥(BJr), local temperature Grashof number{(GIr), slip parameter (£ ), Darcy number
(vPa).
It is seen that, the impedance increases with stenosis height 6) and local temperature Grashof
number ¥€(G1r) but decreases with thermophoresis parameter {(N]:), Brownian motion number
{(NTs), 10cal nanoparticle Grashof number ((B]r), Darcy number (E) and slip parameter ().

The variation in impedance against to the Darcy number for various values of

thermophoresis parameter ¥(V]:), Brownian motion number €(N]s) is shown in Figs. 20-21. It is

noticed that the impedance of the flow decreases with Darcy number {*'-‘ D ﬂ) and Brownian motion
parameter {(N]z) while it increases with thermophoresis parameter {(V]:).
Shear stress profile

The variation of shear stress against the axial direction z for different values of stenosis

height &), angle of inclinatiion @), slip parameter (3), Darcy number(ﬁ).
Brownian motion number ¥(N1s), thermophoresis parameter {N]c), local temperature

Grashof number {(GJr), local nanoparticle Grashof number {(BJr), and inclinatiion ) are shown
in Figs. 22-25.
From Fig 22, it is observed that the shear stress is directly proportional to the height of the

stenosis i.e the shear stress increases with the stenosis height attains maximum at

z=0.26,z=10.53 gnd minimum at (2 = 0-4) _ It is also observed that the shear stress increases

with angle of inclination @) and slip parameter (3 while it decreases with Darcy number (Jﬂ_ﬂ)
(Figs. 23-24).
Streamline patterns

The streamline patterns for different parameters like height of stenosis (

d) | Darcy number (E) and inclination (&) are represented in Figs.26-28. The number of boluses

increase and size is expanded as the stenosis height (9 ) increases (Fig.26). The effect of Darcy
number and inclination are carried out in figs 27-28. It is found that the number of boluses decrease

with the increase of Darcy number and inclination.
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CONCLUSIONS

The present study examines the steady flow of Nanofluid in an inclined tube with an
overlapping stenosis and permeable walls. HPM method is used to get the exact solutions for
temperature distribution, nanoparticle phenomena, pressure drop, flow resistance and wall shear
stress.

The key points of the performed analysis are as follows:
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The velocity increases with the increase in stenosis height, thermophoresis parameter {(N]:),
inclination (=), slip parameter(# ), local nanoparticle Grashof number i((B]r), local

temperature Grashof number £(G1r). While it decreases with the Brownian parameter £(N]»)
and Darcy number /2a).

The temperature distribution decreases with the increase of the Brownian motion number

{(NTs), and increases with thermophoresis parameter {(N1z).

The impedance of the flow decreases with Darcy number /5:) and Brownian motion
parameter {(V]s) while it increases with thermophoresis parameter {(NV]t) |

The shear stress increases with angle of inclination @) and slip parameter () while it
decreases with Darcy number (/2z).

The number of boluses decrease with the increase of Darcy number and inclination.
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