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I. BASIC DEFINITIONS 2

Let C={z=x+1iy/x,y e R}be the set of all complex numbers. Where xand y are called the

real and imaginary parts of z. These are denoted by Re(z)and Im(z) respectively. The conjugate

of the complex number zis denoted by z= x—iy and the modulus of z is denoted by |z]=/x* +y2.
LetZ(i)={x+iy/x,y € Z }be the set of all Gaussian integers. Let Q(i):{gl p,qeZ(i)andq ;tO}

be the set of all complex rational numbers. So that Z(i) c Q(i) c C .Let z e C then zis rational if
zeQ(i), zis irrational if zeC\Q(i)and zis quadratic irrational if z is irrational and there exist
A B,C e Z(i)such that Az> +Bz+C=0and A=0.
Greatest common divisor of any two complex numbers:®*°

Let z,,z, € Z(i),z, #0 . Then the greatest common divisor of z, and z, is denoted by
ged (z,,z,)and it is defined to be a Gaussian integer g such that g |z, and g|z,and there is no

Gaussian integer hsuch that |h|>|g|that divides both z,and z,. In this case we write ged (z,, 2, ) =g

If X,y €R then the floor function of x and y are denoted by [X] and [y] respectively. So that

p+qr
S

x—[x]<1and y—[y]<1. Let zeC. Then z is a quadratic irrational if and only is z= for

some p,q,r,seZ(i),q=0,s=0and ris not a perfect square.

1. INTRODUCTION

An expression of the form

Where a,,a,,a,,a,,--- are in Z(i) and e,'s are units of complex numbers.  Therefore
e, efl—1,i,—i}, k =1,2,3,...is known as a complex continued fraction.®"®

el eZ e3
a+a,+a;+

The complex continued fraction is commonly expressed  as a,+

e

. e, e i .
The quantities a,,—,—%,—2,---are called the elements of the complex continued fraction.
al a'2 a3
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In a finite complex continued fraction the number of elements are finite. Where as an

infinite continued fraction have infinite number of quantities.

e, e e e, - - : .
12 B ...20 js known as finite complex continued fraction and an

Therefore a, +
a+a,+a;+ a

n

. e, e &e e, e : g . :
expression a, + —— —2- ... ...js known as an infinite complex continued fraction. In
a+a,+a,+ a,+a,+

n+1

a finite or infinite complex continued fraction a,,a,,a,,a,,---are called the partial quotients where
as e, e,,e,,---are known as the partial numerators.

The length of a finite complex continued fraction a, + & € S % jsn+land the
a+a,+a,+ a

n

e, e, e e e .
£ 2 8 n nl ... s o.The value of the
+a,,, +

length of a infinite continued fraction a, +

Q+a,+a;+ a, N+l

- : . e e € €
finite complex continued fraction is denoted as | a,,—*,—%,—>,---—"|.
a a, a, a

2.1 Convergent of complex continued fraction:*"®

. : : e e e
The successive convergent of the complex continued fractions are [a, ] , {ao , —1} , { a, ,—1,—2}
a a
1 1 2

and so on and they are denoted by c, = &, C, = Py , C, = & In general the nth  convergent is

0 1 2

e e e e
denoted byc, = Pa :{ a, ,—1,—2,—3,---—”} . Where p,'sand g, 'sare called the numerators and
qn al a2 a3 a'n

denominators of the complex continued fraction.
2.2 Properties of complex continued fraction :*"®

e1 e?_ e3
al , aZ a3

_n
a

n

Let {ao, } be an infinite complex continued fraction. We inductively

define two infinite sequences p, and g, where k >1by

Po=2a, p,=1 q,=1 q,=0

Py =28 Py +€ P, k=20 0q,=a,q, +€0,,.k=0
I11. ALGORITHMS AND THEOREMS

3.1 Algorithm of complex continued fraction:®

Let x € C.Suppose we wish to find continued fraction expansion of X, take x, =Re(x) +i Im(x).
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Let a=Re(x)—[Re(x)] and b=Im(x)-[Im(x)] so that a<0 and b<0 .Now

0 ifa+b<0
[x, ]= [Re(x)] +i[Im(x)]+ e , @ floor function. Where  a=1{1 if a+b>1witha>b
i ifa+b>1witha<b

Set a,=[x,]. Then x = and [x, ]=[Re(x,)]+i[lm(x,) ]+«

1
Xo = [Xo]

Againset a, =[x,]. Then x,= and [x, = [Re(x,)]+i[Im(x,)]+e &, =[x,] .Then

1
X = [Xl]

Xs:X—;[X] and  [x,]=[ReC)]+i[Im(x) ]+ a,=[x] ....a, =[x.,]

1
X1 — [Xk—l]

The algorithm terminates if the complex continued fraction is finite otherwise it is no terminating.

Then x, = and [x, |=[Re(x)]+i[Im(x,)]+e.and a =[x, ].

3.2 Euclid’s algorithm for complex continued fraction:[4]
Let u,,u, € Z(i). Thenwe try to find the ged (u,,u,) by using Euclid’s algorithm.

Divide u, by u,if N(u,) >N(u,), where N is the norm of the complex number.

Therefore 2o =a, +%2 where a, € Z(i) is the quotient and u, € Z(i) is the remainder.

ul ul
Again Y =a, + Y5 where a, € Z(i) is the quotient and u, e Z (i) is the remainder.
uZ u2
And Y =a, + 24 where a, € Z(i)is the quotient and u, € Z(i) is the remainder....
u3 u3

u u : : : :
—L=a ,+-" where a__, € Z(i)is the quotientand u,_, e Z(i) is the remainder.
u

And Mo =a, Where a, e Z(i)is the quotient and O is the remainder.
un+l
u.
Here —1€C,j=012,..n Where a'seZz(i),i=012.n are the quotients and

j+1

u;'s e Z(i), j = 2,3,.n+1are the remainders. These quotients are treated as the partial quotients of

u :
the —2, the ratio of the complex numbers.
ul

. . u
Therefore the complex continued fraction of —°=[a0,al,..., an].
ul
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Note:

U Uo : :
1. a,= Re{ }rl Im{ }ra where o is a floor function and
ul ul

0 ifa+b<0

a=11 ifa+b>1witha>b a:Re[”—‘)J—[“—O} and b:lm(”—‘)]—[“—ﬂ.
. N - ul ul ul ul

i ifa+b>1witha<b

The successive quotients are found by the same procedure.
2. Remainders are found by using the relationsu,,, =u,, —a, ,u;, j=12,..n.
Example 3.2.1 :ged (3+13i, 4+3i) Since N (3+13i) =178>25=N(4+3i) , divide (3+13i) by
(4+31).

[ 4+3i 1-

Therefore 3+13_|:(2+2i)+ 1__ = =(3i) + __ :>__(1 ).
443 443 1-i 1-i

Hence gcd (3+13i, 4+3i)=1.
Example 3.2.2 : ged (7-61i, 26 -36i) Since N (7 —61i) =3770>1972 =N (26 —36i) , divide
(7-61) by (26—36i).

17— 17 +1 26— 36i . 73 17 .
Therefore —( —-1)+ - - = _|=(1—2|)+ ' ul =(2+1i)
26 — 36i 26 — 361 17+1 17+1 7 3i

Hence gcd (7 —61i, 26 —36i) =7-3i .
Definition:[3]
The function F,: C —Z(i)is said to be a floor function if |F(z) -z |<1forevery ZeC.

The function F,: C —>{—L1,— i,i}is said to be a sign function.

3.3 Complex continued fraction algorithm (J.0. Shalit,1979 ):*
If F,:C —2Z(i)is a floor function and F,: C —{-1,1,—i,i} is a sign function together with

the following sequence is known as a complex continued fraction algorithm.

0  z,-z

(i) a,=F(,)
(i)  e,,=F.(Z,)

1 en+l
(iv)  Z,., :ﬂ
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3.4 Theorem

e.
If ao,i,e—z,e—s,---—‘ = bolkEL where these finite complex continued fractions
a a, 3, a b, b, b, b,

=

e. . .
are simple if —>1 and %>1then J=n and a,=b, e =f for i=0,12,...n.
a.

j n
Proof:
Let yi — bi , fi+l ’ fi+2 ’ fi+3 ’ i ’ Y. _&
bi+1 bi+2 bi+3 bn qi
= b| + f”l = bI +i
b f|+2 fi+3 fn Yin
i+1° ' (AR
bi-¢—2 bi+3 bn

Therefore we have y, >b, and y, >1for i=0,12,..n-1and y, =b, >1.

Also b, = [y,] forall i, 0<i<n.
e, &

] ) a"'e_j = bO’Llilkl...i ,WeWI'ite y0:X0 '
al a2 3 aj bl bZ b3 bn

D |wﬂ>

Since {ao,

For that take x, = - = x, , >1forall i >0. So that a,=[x,] 0<i<j.

i+1
i

Therefore b, = [y, ] = [, ]=a, -

a‘i+l a'i+2 a‘i+3 j
a. + ei+l
- i
a e|+2 ei+3 i
i+1? ! !
a'i-¢—2 a‘i+3 aj
€ € f,
— a| + i+l = i+l Xi _a| — y| _bi i+l
Xi+l Xi+l yi+1
€, f. .
Therefore XHl = y'+l ,i=012,.n-1. So that ¢, , = f, ,and x,,, =y,,, and [Xi+l ]:[ym] =a, =b,
i+1 i+1

for i =012,..n-1.
Next to prove that j = n.
Case (i): j< n.

since x; =y; = |x; |=|y;J=a; =b;.
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. - . P; o -
Using Euclid’s algorithm we get —=X;=a;. Which is a contradiction to y; > b; .
J

Case (ii): If j > n then we get the same contradiction.

Sothat j=n.
3.5 Theorem

If zeQ(i) then the continued fraction of z is finite.
Proof:

If Xn :p_'nthen Xn+1: en-*—l — 'fn+1 — Ifn+1qn ’ — p:H—l .

qn Xn _an pn —a pn _anqn qn+l
a
Therefore x, ., = @:ﬁfor every neN.
qn+l qn+l

As X 4|>1 and |f,.|=1 |a).|<|a;| forall neN.

As q/ €Z(i) there exist NeN such that gy,, =0.

If gy, =0= py —ayay :O:>p—f“—aN =0=xy —a, =0.
N

Therefore Euclidean algorithm terminates after N transformations.

This completes the proof of the theorem.
3.6 Theorem

If ze C\Q(i) then the continued fraction of z is infinite.

Proof:
Every rational complex number represents a finite complex continued fraction.

Also in a finite continued fraction x, —a, =0where a, =[x, ].
If x, is irrational then X, —a, #0or X, —[%,] #0 orx,—F (x,) #0.

Suppose x, is irrational then x, — F, (x,) #0.
Consequently for every neN, x, —a, =0. So that continued fraction is infinite.
This completes the proof.

In this paper we try to find the solution of the quadratic equation kx> —nx +n=0 where
k = B} and nis odd. Since n® —4kn<0, the roots of the equation are complex. Also complex roots

are occurs in pair and continued fraction of these roots are infinite.
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If o, and a,are the complex roots of the equation kx’—nx +n=0 then their continued
fractions are
[c,.C,.C,....] and [d,,d,,d,,...] respectively. Where c,'sand d,'se Z(i).
Here the continued fractions of «,and «, are calculated by using either using Euclidean algorithm or

complex continued fraction algorithm and comparison of their continued fractions are made.

IV. ILLUSTRATIONS
4.1 lustration
Find the complex continued fraction of the roots of the quadratic equation 4x* —9x +9=0.
Solution
Roots of the above quadratic equation are ¢, =1.1250+0.9922i and «, =1.1250—0.9922i
Case (i): Continued fraction of the root o, =1.1250+0.9922i
Take x,=1.1250+0.9922i Then a=1.1250—(1)= 0.1250 and b=0.9922—(0)= 0.9922
Therefore [x,]=1+0+i =1+i=>a,=1+i.

1

Now X, = - ——
[(2.1250+0.9922i) — (1 +1)]

X, =7.9690+0.4973i

Round off the imaginary partto 0.5, x, =7.9690+ 0.5i
Then a=7.9690 —(7)= 0.9690and b=0.5-(0)=0.5
Therefore [x,]=7+0+1=8=a, =8.

1 =
[(7.9690+0.5i) — (8)]

Then a=-0.1235—(-1) = 0.8765and b=-1.9923—(-2)= 0.0077

Again X, = X, =—0.1235—1.9923i

Therefore [x,]=—1-2i+0=—1-2i=a,=-1-2i.

Xg= . : N
[(-0.1235-1.9923i) — (—1—2i)]

Then a=1.1408— (1) = 0.1408and b=-0.0100—(~1)= 0.9900

X3 =1.1408-0.0100i

Therefore [x,|=1-i+i=1=>a,=1.

X, = ! _ =
[(1.1408 — 0.0100i) — (1)]

Then a=7.0666—(7) = 0.0666 and b=0.5—(0)= 0.5

X, =7.0666 + 0.5i

Therefore [x,]=7+0+0=7=a,=7.
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Xg = 1 : =
[(7.0666 +0.5i) —(7)]

Then a=0.2618—(0) = 0.2618 and b=—1.9651-(~2)= 0.0349

X, =0.2618 —1.9651i

Therefore [x,|=0-2i+0=-2i=a,=-2i.

X = L — =
[(0.2618 —1.9651i) — (2i)]

Then a=3.7530-(3) = 0.7530and b=-0.5-(-1)=0.5

X =3.7530 — 0.50i

Therefore [x,]=3-i+l=4-i=a;=4-i.

1
X7 = [(3.7530— 0.501) — (4—1)]

Then a=—0.7942 — (1) = 0.2058and b=-1.6077 —(-2)= 0.3923

— X, =—0.7942 —1.6077i

Therefore [x,]=—1-2i +0=-1-2i=a, =—1-2i.

Case (ii): Continued fraction of the root «;, =1.1250—0.9922i
Take x,=1.1250—0.9922i

Then a=1.1250—(1)= 0.1250 and b=-0.9922—-(-1)= 0.0078
Therefore [x,]=1-i +0=1-i=a,=1-1i.

1

Now X, = - -
[(2.1250-0.9922i) — (1-1)]

X, =7.9690—0.4973i

Round off the imaginary partto 0.5,
X, =7.9690—0.5i

Then a=7.9690—(7)= 0.9690 and b=—05—(~1)= 0.5
Therefore [x |=7+-i+1=8—i=a, =8-i.

X, = L - .
[(7.9690—-0.5i) — (8—1)]

Then a=-0.1235—(-1) = 0.8765and b=-1.9923—(-2)= 0.0077

Again

X, =—0.1235-1.9923i

Therefore [x, |=—1—2i+0=-1-2i=a,=—1-2i.

Xz = : : i
[(—0.1235—1.9923i) — (-1 — 2i)]

Then a=1.1408— (1) = 0.1408 and b=—0.0100—(~1)= 0.9900

X; =1.1408 —0.0100i

Therefore [x,]=1-i+i=1=a,=1.
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X, = L . =
[(1.1408 — 0.0100i) — (1]

Then a=7.0666—(7) = 0.0666and b=0.5—(0)= 0.5

X, =7.0666 + 0.5i

Therefore[x,|=7+0+0=7=a,=7.

Xg = 1 _ =
[(7.0666 +0.51) — (7)]

Then a=0.2618 — (0) = 0.2618 and b=—1.9651—(~2)= 0.0349

X, =0.2618 —1.9651i

Therefore [x,]=0-2i+0=-2i=a,=—2i.

1
%6 =1(0.2618 —1.9651i) — (—2i)]

Then a=3.7530—(3) = 0.7530 and b=—0.5—(~1)= 0.5

= X, =3.7530 — 0.50i

Therefore [x,]=3-i+1=4-i=a,=4-i.

1
X7 = 1(3.7530— 0.501) — (4—1)]

Then a=—0.7942 — (1) = 0.2058and b=—1.6077 —(~2) = 0.3923

Therefore [x,]=—1-2i +0=-1-2i=a,=—1-2i.

= X, =-0.7942-1.6077i

From case(i) and case (ii) we get the complex continued fraction of the given equation are
o, =[1+i,8, —-1-2i, 1, 7, -2i, 4—i, —1-2i,---] and
a,=[1—i,8-i, —-1-2i, 1, 7, -2i, 4—i, —1-2i,---]
4.2 lllustration

Find the complex continued fraction of the roots of the quadratic equation
11x* —23x +23=0.
Solution

Roots of the above quadratic equation are ¢, =1.0455+0.9990i and ¢, =1.0455—0.9990i
Similar to case (i) and case (ii) of previous illustration we find that the complex continued fraction of
the given equation are a,=[1+i,22, -1-2i, 1, 7, -1-2i, - 2i, ,---] and
a,=[1+i, 22—i, -1-2i, 1, 7, -1-2i -2i,---]
4.3 Illustration

Find the complex continued fraction of the roots of the quadratic equation x> —3x +3=0.
Solution

Roots of the above quadratic equation are ¢, =1.50+0.8660i and «, =1.50—0.8660i
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The complex continued fraction of the roots of the given equation are
a1=[1+i, 2,-1-2i, 2-i ]and azz[l—i, 2-i, -1-2i ]
4.4 lllustration
Find the complex continued fraction of the roots of the quadratic equation x> —x +1=0.
Roots of the above quadratic equation are ¢, =0.50+0.8660i and «, =0.50—0.8660i

Solution
The complex continued fraction of the roots of the given equation are o, =[i, 2,-1-2i, 2—i ]

and o, =|-i, 2-i, -1-2i |

V. CONCLUSION

From the above illustrations we conclude that the complex continued fraction the quadratic

2

equation of the form kx“—-nx+n=0 where k{%} and n is odd and >3 are

o, =[c,.¢, =2k, ¢,, ¢;, C,,..]  and 0:2:[(:_0,C1:2k—i,02,03,c4,...] I n=3 then
a1:[1+i,2,—1—2i,2—i] and azz[l—i, 2—1i, —1—2i] If n=1 and k=n then

alz[i, 2,-1-2i, 2—i ] and a, :[—i, 2-i, -1-2i ] Hence If n > 3the complex continued fraction
of the roots of the above quadratic equation are infinite where as if n=3and when n=k =1the
complex continued fractions are periodic.
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