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ABSTRACT

We in this paper propose a new exponential product type estimator for estimating the

population variance using auxiliary information. To the first order of approximation, i.e., to o(n™),
the expressions for the bias and the mean square error of the proposed exponential product-type
estimator have been derived. The optimum value of the characterizing scalar, which minimizes the
MSE of proposed estimator, has been obtained. With this optimum value, the expression for
minimum MSE of the proposed estimator has been arrived at. The proposed estimator has been
compared theoretically with simple variance, traditional product estimator and exponential product-
type estimator and it is found that, under practical conditions, the proposed estimator fares better
than its competing estimators. A numerical study is done to demonstrate the practical use of different

estimation formulae and empirically demonstrate the performance of the constructed estimators.
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INTRODUCTION

In survey sampling, the utilization of auxiliary information is frequently acknowledged to
enhance the accuracy of the estimation of population characteristics. Estimation of the finite
population variance has great significance in various fields such as in matters of health, variation in
body temperature, pulse beat and blood pressure etc. Using auxiliary information, we, in this paper,
introduce a new estimator, which fares better than its competing estimators.

Consider a finite population of size N, arbitrarily labelled 1, 2...N. Let y; and x; be,
respectively, the values of the study variable y and the auxiliary variable x, in respect of the i"" unit
(i=1, 2,... N) of the population. When the auxiliary variable x is negatively correlated with the study
variable y and S2 , the population variance of x is known, product method of estimation is usually
invoked to estimate the population variance S;of the study variable. The product method of

estimation investigated by Robson® and Murth 2, is quite effective.
g y y q

NOTATIONS AND SOME EXISTING ESTIMATORS
In simple random sampling without replacement, we know that the sample variance s

provides an unbiased estimator of the population variance S2,
1 —
where S = —3 N, (y; — Y)°
2___1_ n

and Sy= 1 i=1 (Vi — y)2.

Accordingly, we define

2 1 N v\2
SE=rs 12,:1(%- ~X)

1 —
and sg = EZ?:l(xi - x)z,

as the population and sample variances, respectively, for the auxiliary variable x.

s2-52
_ Sy=Sy . 2 — ¢2
Lete, = ?,L.e.,sy = S55(1+ey),
2 2
Sx _'Sx
2 — ¢2
e, 2 e, s:=52(1+e,),
X

such that E(eo)=E(e;)=0, E(e3) = (1so — 1),
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E(e?) = ~(Aos — 1) and E(epe;) = ~(A; — 1),

— __Hpg
where 4,,, = T2 72
Ha0 Hoz

and pp, = %Z{-":l(yi —Y)°(x; — X)* ; (p, q) being non-negative integers, pq,. 120 are the second
order moments of x and vy, respectively, and C, = %" is the coefficient of variation for auxiliary

variable X. With the above notations, the variance of the estimator s is expressed as
1
V(s2) = S0 — 1). ()

Customary product type estimator for estimating the population variance of the study variable is

2

SZS
55 @

whose bias and mean square error, up to the first order of approximation ,i.e., to o (n™1) are

respectively,
B(s,) = 5% (A2 — 1) )
and
MSE(s2,) = Z{dso + Aos + 24, —4. @)

Singh et. al.® suggested product-type exponential estimator for population variance in single-phase

sampling as

2 -2 s§=S% 5
Sype= Sy®XP [S§+5; ’ ()

whose bias and mean square error up to first order of approximation, i.e., to o (n™1) are,

respectively,

) A 3
B(s3,,) = -2t + 222 ©)
4
and MSE(s2,,) = Z[Aso + 2% + A, — 2], 7)
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PROPOSED PRODUCT-TYPE EXPONENTIAL ESTIMATOR

We propose a new product-type exponential estimator for estimating the population
variance S;, as

no_ B(s£-S%)

s,2,, =sZexp[ ;S% ! (8)
where, £ is a suitably chosen pre-assigned constant. It may be noted here that if § = 1, the new
estimator reduces to usual product-type estimator due to Singh et.al.?**

Substituting the value of s/ sZ in the expression (8), we get
2 — ﬁ(sx Sx+5xe)
SYZPE_ Syexp [ SZ+Sx+Sxe11 1
— B(ex Sx)
= Sy €Xp [52(2+e ):I
=S5 (L +ep)exp [Ble) (2 +e)7'].
=Sy (L+ep)exp [B2(L+2)7"].
=S;(L+e)exp [L+BEH(L -+ el) +Bze1 (1->+= el) ]
Retaining terms only up to 2™ degree, we arrive at
2 = §2(1+ 1+B(2) - S + g2t
57,7 21+ eg)exp [1+ f(2) — &+ 522
=S2[L+B(2) ~pL+ prr g+ p(22)]
=s2[1+8(2) - BL+ g2l gy + B (%)) (©)

The bias of the proposed exponential product estimator, to the first degree of approximation,
ie.,too (n71),is

B(SYPE) E(SYPe) 53%

=S2E[1+8(2) —ph+ p2% + ey + B (%2)] - 52

=S2 [EQ1) +§E(e1) ~LE(el) + £ E(el) + E(eo) + LE(egey)]

= % [~ 5(104. 1)+£ (/104. 1)+ g(/lzz -1l 10
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The mean square error of the proposed exponential product estimator, to the first degree of

approximation, i.e., to o (n~1), has been derived as follows:
MSE(S;ZPE) :E[S;/ZPE - 532/]2

2 2
= E[S} <1+ﬁ(%)—ﬁ%+ B+ ey + §(eoe1)>—5512

2
= S;E[<ﬁ (%) _ﬁ%"' ﬁz%"' ey + g(%%))]z

=3E(L ef + o3 + peye, )]
= 5;[(”’725@12) +E(ef) + BE(eoel))]

= SAE2 Moy — 1) + 2 (Mg = 1) + £ (A — 1]
= oyl (Aoa - (Aao A2z

= 2[5 oy = ) + (240 = 1) + 2~ 1] (11)

With a view to determining the most suitable value of g, to be called j,,., we minimize the

mean square error subject to variation in 8, implying thereby that

OMSE (sy%p,) _
ap =0

=T (Aos = 1)+ (Zag = 1) + B2z — 1)]=0
= I Ay — 1) + (Ao — D] =0

=T oy — 1) + (A — 1)]=0

=2 (gy —1) + 1y, — 120

5L -1 =1-12y

= Aoy — 1) =2(1 - 232)

_ 2(1-133)
=B = ey
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2(A, 1
Thus, Bop, = 222, (12)

Substituting this value of g in the expression for MSE (s ,)» i.e.,in (11), we arrive at the

minimum value of MSE (s;2,.), which is expressed as

2422-45,-1)

Sy
MSEopt(SyRe)_ y[ Aoa—1

+ 40 — 1] (13)
On comparison of (13) with (1), the following results can be arrived at
MSE,,e(si,) =V (s3) <0

4
Sy 2422=23,—1)
n /104_—1

+ Aao — 1] = =[S} (A0 — 1]< 0
=, > 1. (14)
On comparison of (13) with (4), the following results can be arrived at

MSE,e(si2,) — MSE (sf,) <0

4-
Sy [% + Ao — 1] — [/140 + Apa+215, —4]1<0
04

(1-222)?
(A04—1)

+ Agg + 24,5, > 3. (15)
Comparing (13) with (7), we get
MSE,p(sy,) — MSE(s},,) <0

4
Sy (2422=23,—1)
n /104_—1

/104

4
"'/140—1]—%[/140 +/122—‘]<0

1+/‘L22 225, 4+ Joa

A
Aoae1 %+ Ay > " (16)

(1) The newly proposed estimator s,%, = performs better than the simple variance estimator of

population variance s if

2) The newly proposed estimator s;2  performs better than the traditional product-type estimator for
y prop ype P Y

: 2
variance s, if
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(1-222)?

G+ Aoy + 205 > 3

(3) The newly proposed estimator s,7%, performs better than the product-type exponential estimator

due to Singh et. al.2 for variance, i.e., sf,Peif

1+23, 2253 4 Hos

5
2084 dpp >
Aos—1 4 227,

EMPIRICAL STUDY
With a view to study the theoretical findings, we have chosen the following examples based

on real data:

Example 1: We refer to Weisberg' PP- 31-35, wherein the following information is found:

Y: Fuel consumption, gallons per person.

X: TAX, cents per gallon

Table 1: Parameters and their values

SI.No. Parameter Value of the Parameter
1 N 48
X 0.570354
4 Y 576.7708
5 Py -0.4512
6 Mo 5.3604
7 Aoa 3.3096
8 A2z 2.9198
Aoa =1
= 3.3096 > 1.
(1 —23,)?
—— 4+ Ay, +21,, >3
(AO4 _ 1) 04 22
= 5.89095 > 3.
1+ 2%, — 21 A 5
22 22  fos Ay >
Aos — 1 4 4

= 5.34298 > 2
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Thus, we find that the condition (14), (15) and (16) are satisfied.

The MSEs of the competing estimators have been computed and presented in Table 2

Table 2: MSE of the competing estimator

: : 2

S1.No. CompetingEstimator MSE/S;Y
1 Sy 4.3604
2 Syp 10.5096
3 S e 6.8576
4 s'}?Pe 2.7646

The percentage gain in efficiency of the proposed estimator, s)2,  over the competing

. s 2 5 L
estimators sy, sy, and sy, has been given in the table 3

Table 3

Sr. No. | CompetingEstimator | Percentage Gain in Efficiency(PGE)

1 s2 57.7226
2 sZ, 280.1490
3 s2 148.0503

It is clear from the above table that the newly proposed estimator sj’,ie performs better than the

competing estimators.
Example 2: We refer to Swain®, PP-285-287, wherein the following information is found:

Y: Mean yield of rice per plant

X: percentage of sterility

Table 4: Parameters and their values

SI. No. Parameter Value of the Parameter

1 N 50

3 X 18.762

4 Y 12.839

5 Pyx -0.25103

6 g 3.828497

7 Aoa 2.474604

8 Ay 1.60349
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Aoa =1
= 2474604 > 1.

(1 —25,)*

+ gy +21,, >3
(AO4 _ 1) 04 22
= 5.92856 > 3.

1"'/1%2_2/122_'_/1&_'_/122 >§
dos — 1 4 4

5
= 246912 > 7

Thus, we find that the condition (14), (15) and (16) are satisfied.

The MSEs of the competing estimators have been computed and presented in Table 5

Table 5: MSE of the competing estimator

Sl. No. CompetingEstimator MSE/S—T?
1 sp 2.828497
2 S5, 5.51008
3 55 b0 3.800637
4 Sj/’ZPe 2.5815

The percentage gain in efficiency of the proposed estimator, s,2,  over the competing

. s 2 5 o
estimators sy, sy, and sy, has been given in the table 6

Table 6:
SI. No. CompetingEstimator Percentage Gain in Efficiency(PGE)
1 s2 9.5676
2 sf,P 113.4448
3 sz, 47.2259

It is clear from the above table that the newly proposed estimator sj’,ie performs better than the

competing estimators.
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V. CONCLUSION

From Tables 3 & 6, it is clear that the proposed product-type exponential estimator for

estimating the population variance perform better than its competing estimators under conditions that

hold good in practice.
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